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Abstract

The Graver basis of a semigroup ideal is computed from a minimal

generating set for its Lawrence lifting� A combinatorial characterization

of the minimal degrees of a Lawrence ideal is given as well as a degree

bound for its minimal �rst syzygies�
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Introduction

The Graver basis of a toric ideal can be computed by using any reduced Gr
obner
basis of its Lawrence lifting ��
� Concretely� it is enough to substitute some vari�
ables by � in the elements of this Gr
obner basis� In section �� we show how this
method can be used� taking a more general class of ideals� This generalization
consists of admiting torsion in the associated semigroup�

The Graver basis of a Lawrence ideal is a minimal system of generators�
hence this minimal system is unique except scalar multiples� In this paper� we
characterize the degrees of this system by means of a property of symmetry
for the connected components of some simplicial complexes �Proposition ���
The property is described in the context of integer programming �De�nition ���
The result provides an algorithm for computing the minimal generating set for a
Lawrence ideal �Algorithm ��� Our characterization is obtained from the general
for the minimal degrees of a semigroup ideal that appeared in ��� Therorem �
�
Concretely� we use the e�ective version of this result� ��� Theorem ����
�

On the other hand� using the techniques in ��
� we study the �rst syzygies
of Lawrence ideals� As an application� we give an explicit degree bound for the
minimal �rst syzygies of these ideals �Theorem ����
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� Graver Basis and the Lawrence Lifting of Semi�

groups

Let
S � Zn � Z�a�Z� � � � � Z�ahZ

be a �nitely generated semigroup with zero element� and fn�� � � � � nrg � S a
set of generators for S�

Fixing k as a commutative �eld� one can consider the semigroup k�algebra
associated to S� k�S
 � �m�S�

m and k�X 
 � k�x�� � � � � xr
� the polynomial ring
in r indeterminates where the S�degree of xi is equal to ni� We denote by X��
where � � ���� � � � � �r� � Nr� the monomial x��� � � �x�r

r � Let �� be the partial
natural order on Nr�

The k�algebra epimorphism�

� 	 k�X 
 �� k�S
�

de�ned by ��xi� � �ni � is an S�graded homomorphism of zero degree� and
I � ker��� is a homogeneous ideal� which we shall call the ideal of S�

It is well�known ���
� that

B �

�
X� �X� j

rX
i��

�ini �

rX
i��

�ini� �i� �i � �

�

is a set of generators for I� In this paper we will consider systems of pure
binomial generators� i�e� subsets of B only�

In a semigroup ideal there are some special binomials	 X� � X� is called
primitive if there exists no binomial X�� �X�� in the ideal such that � �� ��

and � �� ��� Note that X�� divides X� i� � �� ���
Now� we can consider

GrI � fX� �X� � I jX� �X� is primitiveg

This set is a �nite system of generators for I and it is called Graver basis for I
�see ��
��

One way to obtain the Graver basis is by using diophantine equations in
congruence� If one take the ��n� h�� r��matrix

A � �n�jn�j � � � jnr� �M�h�n��r�Z��

considering n�� � � � � nr � Zh�n� one can prove X� � X� � GrI i� ��� �� is a
�� �minimal N�solution� with � �� �� of the system

�Aj �A�Y � � moda�

where the last h rows of this system are in congruence�
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However� it is more useful for explicit computations to use the generaliza�
tion of the techniques in ��
� Concretly� to compute GrI we construct a new
semigroup

S� �� �n�� e��� � � � � �nr� er�� ��� e��� � � � � ��� er� �� Zn�Z�a�� � � � �Z�ah�Z
r

with fe�� � � � � erg the standard coordinate vectors inQr� which one calls Lawrence
Lifting of S�

Generally� the semigroups like S� are called Lawrence semigroups� In this
section� we denote kS� �X 
 � k�x�� � � � � xr � xr��� � � � � x�r
 and IS� the ideal of S

��
The relation between GrI and GrIS� is the following	

Proposition �� Let

S � Zn � Z�a�Z� � � � � Z�ahZ

be a �nitely generated semigroup with zero element and let S� be its Lawrence
lifting� Then

GrI � ff�x�� � � � � xr� �� � � � � �� j f � GrIS� g�

Proof� It is a generalization for non torsion free semigroups of ��� Algorithm
���


The new semigroup S�� like all Lawrence semigroups� satis�es the following
theorem	

Theorem �� For a Lawrence semigroup� S�� the following sets coincide�

�� any minimal system of generators for IS� �except scalar multiples�

�� the Graver basis for IS� �

�� the universal Gr	obner basis for IS� �


� any reduced Gr	obner basis for IS� �

Proof� It is a generalization for non torsion free semigroups of ��� Theorem
���
�

Corollary �� For Lawrence ideal� except scalar multiples�

	 Only a minimal system of generators exists�

	 Only a reduced Gr	obner basis exists�

Using this Theorem and Proposition �� one has an algorithm based in ���
Algorithm ���
 computing the Graver basis for IS �

Algorithm �� Graver Basis
In	 Lawrence lifting of semigroup S� S�

Out	 Graver basis of I�

�



�� Compute the minimal set of generators of IS� � kS� �X 
�

�� Take H � ff�x�� � � � � xr� �� � � � � �� j f � GrIS� g�

�� GrI � H�

There are di�erent algorithms to compute IS� using Gr
obner basis �see ��
��

� Combinatoric Results over Lawrence Ideals

For the following sections� we �x the Lawrence semigroup

S �� n��� � � � � n
�
r� n

�
r��� � � � � n

�
�r �� Zn � Z�a� � � � � � Z�ah � Zr

where n�i � �ni� ei� for all i � �� � � � � r� and n�i � ��� ei�r�� 
i � r � �� � � � � �r�
Thus� � � f�� � � � � r� r��� � � � � �rg� Note that S���S� � f�g� One can consider
the simplicial complex

�m � fF � �jm� n�F � Sg�

where n�F �
P

i�F n�i� Notice that� if F is a maximal face in �m� then there is
a monomial of degree m with support F �

We denote by sym�� to the function

sym�i� �

�
i� r � i � r
i� r � i � r

� i � �

Let A � �� set sym�A� 	� fsym�i�j i � Ag� In the following lemma we prove an
important property of the simplicial complexes �m associated to a Lawrence
semigroup�

Lemma �� If fig � �m and m �
P

j�G 	jn
�
j � where i �� G � �� then sym�i� �

G�

Proof� fig � �m implies thatm�n�i � S� Thus� if n�i � �
� el� then �h�n�l��th
coordinate of m is non null� Since i �� G and m �

P
j�G 	jn

�
j � it is clear that

sym�i� � G�

Now we can write the following Proposition	

Proposition �� Let �m be non connected� Then�

�� �m � C t sym�C�� where C and sym�C� are the only two connected
components of �m�

�� � � 
C � r�

�� C and sym�C� are full subcomplexes�
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Proof� �� Let A�B be two di�erent connected components of �m� then A �
B � � and m �

P
i�A �in

�
i �

P
i�B �in

�
i� Using Lemma � one obtains

sym�A� � B and sym�B� � A� As sym�� is an idempotent function� the
equalities are true�

�� We know C t sym�C� � �� Then if 
C � r� 
� � �r� but this is not
possible�

�� Suppose C is not a full subcomplex� in that case there exist A�B � C max�
imal faces of C� such that A �� B and ��i� �i � Nnf�g� m �

P
i�A �in

�
i �P

i�B �in
�
i�

Let i � A and i �� B� then sym�i� � B� We have i� sym�i� � C� but this is
not possible�

Considering the set A � fi�� � � � � isg � �� we denote

N�A� �

��
���i� � � � � � �is� � �N n f�g�sj

sX
j��

�ijn
�
ij
�

sX
j��

�ijn
�
sym�ij �

��
� �

Note that

N�A� �
n
� � Nsj

	
�n�i� � n�sym�i��

�j � � � j�n�is � n�
sym�is�

�


� � �� � �� ��� �� � � � � ��

o
�

By Dickson�s lemma� the set

H�A� � f� � N�A�j� is minimal for ��g

is �nite�

De�nition �� Let A � fi�� � � � � isg � � and m � S� We shall say A is
m�symmetrical if the following conditions are satis�ed�

�� ���i� � � � � � �is� � H�A� such that m �
Ps

j�� �ijn
�
ij
�

�� ��l� � � � � � �lt� �� N�A��� 
A� � fl�� � � � � ltg � A� � � t � s� ��

In this case� we denote Mm�A� � x
�i�

i�
� � �x

�is

is

Proposition �� Let S be a Lawrence semigroup� and let m � S� The following
conditions are equivalent�

�� m is a minimal degree�

�� �C � � m�symmetrical�

Proof� Note that if S is a Lawrence semigroup� our concept of m�symmetrical
is equivalent to the concept of m�chain isolating C from � n C appears in ��
�
The proof of this Proposition is analogous to ��� Theorem ����
�
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Corollary 	�

fMm�C��Mm�sym�C��jm � S and C is m�symmetricalg

is a minimal set of generators for I�

Proof� See ��� Theorem ���
�

Corollary 
� If I is a Lawrence ideal� for any m � S minimal degree� there
exists a unique binomial of degree m in the generating set�

Let C � �� to determine whether there exists m � S such that C is
m�symmetrical� we can use the following algorithm�

Algorithm �� m�symmetrical Algorithm
In	 C � fi�� � � � � isg � ��
Out	 Detect whether there exists m � S such that C is m�symmetrical� and�
in the case of this being so� all the possible m�s� Mm�C� and Mm�sym�C��
return�

�� If C � sym�C� �� �� then there exists no m� STOP�

�� Compute H�C� �see Algorithm in section � of �
���

�� Take

T � H�C�nf� � H�C�j �C � � fl�� � � � � ltg � C and ��l� � � � � � �lt� � N�C ��� t � sg�


� If T � �� then there exists no m� STOP�


� For each � � T� C is m�symmetrical for m � ��n
�
i�
� � � � � �sn

�
is
�

Mm�C� � x��i� � � �x
�s

is
and Mm�sym�C�� � x��

sym�i��
� � �x�s

sym�is�
�

To �nish this section� a combinatorial algorithm computing the ideal of a
Lawrence semigroup is given�

Algorithm �� Minimal Generators
In	 S 	�� �n�� e��� � � � � �nr� er�� ��� e��� � � � � ��� er� � Lawrence semigroup�
Out	 Minimal system of generators for I�

�� G � ��

�� Let C��� � fC � P���j � � 
C � rg�

�� For each C � C��� do

�a� Using algorithm � the elements m � S such that C is m�symmetrical
are computed�

�b� G � G � fMm�C��Mm�sym�C��jC is m�symmetricalg�


� G is the minimal system of generators for I�

�



� Combinatoric Results over First Syzygies of

Lawrence Ideals

In this section� we are going to make a combinatorial study of the �rst syzygies
of our ideal I� First of all� we introduce the concept of F�cavity �see ��
 for
details��

De�nition ��� Let m � S and F � fi�� � � � � itg � � such that 
F � �� and let
� be a polygon whose vertex set is F� We say � is an F�cavity of �m if the
following conditions are satis�ed�

�� Fj � �m� 
j � �� � � � � t where

Fj � fij � ij��g� 
j � �� � � � � t� �� and Ft � fit� i�g�

are the faces of ��

�� If Fj �� F � � F� 
F � � �� then F � �� �m�

The relation between the F�cavities and the degrees of the �rst syzygies is
the following ���� Lemma ��
�	

Lemma ��� Let m � S such that �H���m� �� �� Then� there is � an F�cavity
of �m with faces Fi satisfying

c �

tX
j��

�jFj � �H���m� n f�g�

for some �j � ��� 
j � �� � � � � t�

The particular nature of the Lawrence semigroups permit the following re�
sult	

Proposition ��� In the conditions of Lemma ���

� � 
F � ��

Moreover� � has one of the shapes in �gure ��

Proof� Let � � fF�� � � � Ftg be a F�cavity of �m as in De�nition ��� then there

is ��i� � ��
�i�
� � � � � � �

�i�
�r�t��� � N

��r�t���t satisfying���������
��������

m � n�F� �
P

j�G�
�
���
j n�j

m � n�F� �
P

j�G�
�
���
j n�j

���

m � n�Ft��
�
P

j�Gt��
�
�t���
j n�j

m � n�Ft
�
P

j�Gt
�
�t�
j n�j
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Figure �	 Possible F�cavities

where Gl 	� �� n F � � Fl for l � �� � � � � t� By Lemma �� i � F n Fl implies
sym�i� � Gl� Therefore� �i�FnFl

sym�i� � Gl for all l � �� � � � � t� and in partic�
ular� �Fj�Fl��sym�Fj� � Gl�

First� we are going to prove the F�cavities where 
F � � do not contain a
vertex and its symmetry� Suppose� for example� i�� sym�i�� � F� Since 
F � ��
there is an l� such that i�� sym�i�� �� Fl� Then� one can write m without using
n�i� � n

�
sym�i��

� But it is impossible�
Suppose now that 
F � �� Notice that the following sets are in �m

sym��Fj�F���Fj�� sym��Fj�F���Fj�� � � � � sym��Fj�Ft��Fj�� 
z �
Full Top �base�

�

F� � sym�F��� F� � sym�F��� � � � � Ft�� � sym�Ft�� Ft�� � sym�F��� Ft � sym�F��� 
z �
Full Sides

Thus� �m contains a prism with an empty top fi�� � � � � itg �like Figure ��� full
base fsym�i��� � � � � sym�it�g� and full sides� The topological invariance of the
simplicial homology groups yields c � � as an element in �H���m�� This is a
contradiction with lemma ��� Therefore� 
F � ��

We have just seen the unique possibility for an F�cavity with 
F � � in
Figure �� If 
F is equal to � or �� with similar technical reasonings� one can
prove the only possibilities for the F�cavities are in that �gure�

The preceding result let us improve� for Lawrence Semigroups� the bound
degree that appears in ��
� Here� A � �n��j � � � jn

�
�r� and

jjAjj � supl
X
j

jalj j

�

Theorem ��� Let S be a Lawrence semigroup� and let m � S be a degree of
an element of a minimal system of homogeneous generators for the �rst syzygy

�
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Figure �	 
F � ��

module of k�S
 with S a Lawrence semigroup� Then �� � N�r such that m �P
�in

�
i and jj�jj� is at most

�� � � max
i������ �h

fjaijg� �jjAjj���h�n�r� � ��

Proof� Analogous to ��� Theorem ��
 �see also ��
��

� Examples

We are going to illustrate the computation of the minimal systems of generators
for a Lawrence ideal and the F�cavities associated to its �rst syzygies�

Let S � Z� Z��� Z� be the Lawrence semigroup generated by

� ��� �� �� �� ��� ��� �� �� �� ��� ��� �� �� �� ��� ��� �� �� �� ��� ��� �� �� �� ��� ��� �� �� �� ��� �

First of all� we apply Algorithm � for any C � C����
As an example� we consider C � f�� �g and the system of diophantine equa�

tions in congruence

�n� � n�jn	 � n��� � � �

�
�� ��� � �
�� ���� � � mod �

Using the algorithms that appear in ��� Section �
� one can compute the set
T � f��� ��g� This means C is ��� �� �� �� ���symmetrical and then the binomial

M�	�
�
������C� �M�	�
�
������sym�C�� � x��x
�
	 � x��x

�
��

is in the minimal system of generator for the ideal of S�
Continuing this algorithm with all the elements of C���� we obtain the min�

imal S�degrees m� their m�symmetrical components �Figure �� and their as�
sociated binomials�
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The minimal system of generator for I is	

gen� � x��x
�
	 � x��x

�
�

gen� � x�x�x� � x�x�x	
gen� � x�x

�
�x

�
	 � x��x�x

�
�

gen� � x��x�x	 � x�x
�
�x�

gen� � x�� � x��

The minimal system of generators for the �rst syzygies is

x��x
�
	gen� � x�x�gen� � x�gen�� x�gen� � x�x	gen� � x��x

�
�gen��

x�gen� � x�x	gen� � x�x�x�gen�� x�gen� � x�x	gen� � x��gen��
x�x�x	gen� � x�x�gen� � x�gen�� x

�
�gen� � x�x�gen� � x�gen�

The � F�cavities associated to their degrees are in Figure ��
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