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Abstract

We show how to express any Hasse-Schmidt derivation of an algebra in terms of a
finite number of them under natural hypothesis. As an application, we obtain coefficient
fields of the completion of a regular local ring of positive characteristic in terms of Hasse-
Schmidt derivations.
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Introduction

Let kK — A be a ring homomorphism. Hasse-Schmidt derivations of A over k are general-
izations of usual derivations, but they do not carry an A-module structure. Nevertheless,
Hasse-Schmidt derivations have a non abelian group structure lifting the addition of deriva-
tions.

In this paper we show how to express any Hasse-Schmidt derivation in terms of a finite
number of them under very reasonable conditions. In proving our result, we find a natural
way of producing “non-linear combinations” of Hasse-Schmidt derivations which, to some
extent, could play the role of the A-module structure of derivations.

As an application, we express coefficient fields of the completion of a regular local ring
of positive characteristic in terms of Hasse-Schmidt derivations, generalizing a similar result
in characteristic zero.

Let us now comment on the content of this paper.

In section 1 we recall the notions of Hasse-Schmidt derivation and differential operator.

*Both authors are partially supported by DGI, BFM2001-3207.



Section 2 deals with the main result of this paper, namely that any Hasse-Schmidt
derivation ® can be expressed as “non-linear combination” of a finite number of them
D',..., D" whenever their degree 1 components Di,..., D} generate the module of usual
derivations.

In section 3 we apply our main result to generalize a well known theorem of Nomura
and to obtain coefficient fields of the completion of noetherian local regular rings in the
positive characteristics case.

Our results seem related to some results in [8]. We hope to return to this relationship
in a future work.

We thank Herwig Hauser for pointing out a gap in the statement of proposition (2.7) in
an earlier version of this work.

1 Preliminaries and notations

All rings and algebras considered in this paper are assumed to be commutative with unit
element.

(1.1) Hasse-Schmidt derivations (cf. [2] and [6], §27).

Let k ERYRENY: be ring homomorphisms. Let ¢ be an indeterminate over B, and set
By, = B[t]/ (™) for m > 0 and B, = BJ[[t]]. We can view B,, as a k-algebra in a natural
way (for m < c0).

A Hasse-Schmidt derivation (over k) of length m > 1 (resp. of length oo) from A to B, is
a sequence D = (Dg, D1,...,Dy,) (resp. D = (Dg, Dy, ...)) of k-linear maps D; : A — B,
satisfying the conditions:

Do=g, Di(xy)= > Dy(z)Ds(y)

r4+s=1

for all x,y € A and all ¢ > 0. In particular, the first component D1 is a k-derivation from
A to B. Moreover, D; vanishes on f(k) for all i > 0.
Any Hasse-Schmidt derivation D is determined by a ring homomorphism

E:xGAHZDi(x)ti € B,
i=0
with E(x) = g(z) mod t.
When A = B and g = 14, we simply say that D is a Hasse-Schmidt derivation of
A (over k). We write HSi(A, B;m) for the set of all Hasse-Schmidt derivations (over k)
of length m from A to B, HSi(A, B) = HSk(A, B;00), HSi(A;m) = HSi(A, A;m) and
We say that a k-derivation § : A — B is integrable [5] if there is a Hasse-Schmidt

derivation D € HSy(A, B) such that D; = §. The set of integrable k-derivations from A to
B, denoted by IDer (A, B), is a submodule of the k-derivations B-module Dery (A, B).



(1.2) Differential operators (cf. [1], §16, 16.8).
Let f: k — A be a ring homorphism.

For all ¢ > 0, we inductively define the subsets D(j)/k C Endg(A) in the following way:

0 i+1) %

DY), = A CEndi(4), DY) = {p € Endy(A4) | [p,a] € DY), Vae A}

The elements of D4/, 1= U D(j)/k (resp. of @S)/k) are called linear differential operators
i>0

(resp. linear differential operators of order < i) of A/k. The family {DS)/k}iZO is an increa-

sing sequence of (A, A)-bimodules of Endy(A) satisfying:

o D) Pt

1)
D Ak CDagi’s

4, = A®Derr(4), DY

Ak °
and [P,Q] € D 273 Y for all P € DA e @ € TDA)k Hence, D 4, is a filtered subring of
Endg(A). Moreover, linear d1fferent1al operators of A/k are I-continuous for any I-adic
topology. In particular, for any linear differential operator P of A/E, there is a unique

extension P € D ; Ak to the completion A of A for any separated [—-adic topology.

For each D € HSk(A;m), one easily proves that D; € pl )/k and then there is a unique

extension D € HSk(ﬁ; m).
In a similar way, if S C A is a multiplicatively closed subset, any Hasse-Schmidt deriva-
tion of A/k extends uniquely to a Hasse-Schmidt derivation of S™1A/k.

(1.3) Taylor expansions (cf. [7]).

Let n > 1 be an integer. We write X = (Xy,...,X,), T = (T1,...,T,), X+ T =
(X1+T1,...,Xn+T) and, for o,/ € N*, X% = X{"--- X2, |a| = a1 + -+ + ay,
al=ay!- - a,! and ( ) = (gi) (52)

We consider the usual partial ordering in N™: 8 > o means 31 > a1,...,0, = a,. We
write > a if > « and 3 # a.

Let A be the formal power series ring k[[X]] (or the polynomial ring A = k[X]). For

any f(X) = ) AX* € A we define A (f(X)) by: fF(X+T) =Y AD(f(X))T It
a€N7L aeNTL
is well known that (cf. [1], §16, 16.11): A € DYT) A(f.g) = 3~ AB) ()AL (g),
B+o=a
A A® = (5) - (5%) and DY), = @D A- A = H A . A,
|o| < || <i

€] . . .
(1.4) If we denote A 100 = A7 then AV = (14,A7,A},...) € HSi(A).

Finally, let us recall the notion of quasi-coefficient field of a local ring.



(1.5) DEFINITION. (cf. [4], 38.F) Let (R, m) be a local ring, K = R/m and ko a subfield of
R. We say that kg is a quasi—coefficient field of R, if the extension K/kg is formally étale
(cf. [1], 17.1.1 and [4], 38.E).

In the case of characteristic 0, a field extension is formally étale if and only if it is
separably algebraic (c¢f. [4], 38.F). On the other hand, any extension of perfect fields of
characteristic p > 0 is formally étale.

The following proposition is well known.

(1.6) PROPOSITION. Let kg — k EN AL B be ring homomorphisms and let’s suppose
that the extension ko — k is formally étale. Then, HSk, (A, B;m) = HS(A, B;m) for any
mteger m > 1 or m = oo.

2 Generating Hasse-Schmidt derivations

Throughout this section, let k ENY) be a ring homomorphism.

We consider the following partial ordering in N™: 3 > a means that § > « and if a; =0
then 3; = 0.
Let us denote by N, de set of strictly positive integer numbers.

Let N > 2 be an integer and ®, D', ..., D" € HS(A; N). For each u € N" we write
D, = D;lu o"'ODZn‘ Let Cjg be elements in A, 1 <d<n,1<[<N —1, such that

.

n Kd
@i: Z H Z HClqd Du (1)

m=1 [A|l=i d=1 leNid qg=1
lul=m  j1=xy
A= p

foralli=1,..., N — 1, where we write

Hd
Z H Clqd =1 if Hd = )\d = 0. (2)

td g=1
leN¢ q
1l=Aq

Observe that the set N9 [= Ng] has only one element and convention (2) follows by defining
I| =0 for I € N%. Then we have |I| = r for any r > 0 and any [ € N, .

(2.7) PROPOSITION. Under the above hypothesis, the k-linear map

N

i=00-3 | S I Y 0| 2.

m=2 |)\|:N d=1 lENid q=1
lul=m ll|=Xq
A-pu
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is a k-derivation of A.
PROOF. Let us take a,b € A. Since
Y Do(a)Do(0)
pto=p
we obtain

5(ab) =Dn(a)b+aDn(b) + Y Dy(a)Dy(b)—

v+w=N
1<v,w<N-1

N n Hd
B Z Z H Z Hclqd ’ ( Z Dﬂ(a)Da(b)> =
m=2 })\l‘ N d=1jeN"d a=1 —
1= /\d
=

~Ox(abradnB)+ T DuaDu)-

1<v w<N 1

N
-> ZHZHCld “(Dpla)b+aD, (b)) —
m=2 | |\EN d=1 e g=1

|pl=m Il=\
/\H Hd

N n Hd
S I X I XY TGk | X Do@bs(v) | =

m=2 | |\=Nd= 116N“dq 1 pto=p
\u\ = Ad p:0>0
Arp
=d(@b+ad(d)+ Y Du(a)Duw(b)-
1<vv+1:)u<N 1

N n d
> I X ICua || > Dol@Ds(d)

m=2 | [\|=Nd=11eN} =1 pro=p

p,0>0
Wi=m = A
We need to prove that
Z Dy (a)Du(b) =
vtw=
1<w w<N 1



>

m=2

S Y I

IA|=N d=1enkd ¢=1
lp|=m l=A
N lll=Xq

But

> Dy(a)Du(b)

v+w=N
1<v,w<N-1

v+w=N
1<v,w<N-1

1<v,w<N-1

n Pd
I1 Y e

d=1 4 eNid q:1
[t'|=7a

n Pd
1 Y cuni

[V']=7a

v

SIS S 10w | i

r=1 |7’|—U d=1 l’edi q=1
‘P|—7’ |’ ‘*Td
TZp

S 1Y o | oo

|w|=w d= ll//GN"dq 1
lo|=s
w>o

N
vtw=N m= 27“1—25<m|7—\_v |w]=w
TSV ‘ — —
pl=rlol=s
1Ss5w 0 pwra

|l//|_wd

1T S e

d=1 7/ ~N°d 1
I"eN,® 9=

[t |=wq
N
m:?‘)\|: pro=p T+w=\
|p|=m Po>0 TEpwio
A= p

n Id

I 2. 11CaD:)

d=1 l"ENid q=1
1" |=wq




N n Pd gd
-y Y z S Y (o pi ] (T pao) | =
q=1

m:2\)\|: +o=p TH+w=\ d=1 l/edi ‘l" =74 q=1
|pu|=m >0 T=pwzo ZIIGN"'CZ ‘l”‘—w
A= d
N n Pd Od
Z Z > 11 X > |G| [ 11Cka | Do(@)Ds(b) =
A= N,0+U>(/)Ld 1 Tg-i—wd i\-d le NPd N |=7a q=1 q=1
P TdZPdsWdZ0d iy
|l;\|>_2n l”EN d N |=wa
N n Hd
=22 21 > [1Cta | Do(a)Ds(v) =
m=2\|=N pto=pd=1jend=N I xN7? \¢=1
lul=m >0 Il\:Ad
Az =)
N n Hd
=2 | 2 I > T[Cua|-| X2 D@D
m=2 | |\=Nd= lleN“dq 1 pro=p
lu|=m = ,\d p,0>0
/\,u
and the proposition is proved. Q.E.D.

(2.8) THEOREM. Let m > 1 be an integer or m = oo. Let D',... D™ € HSy(A;m) be
Hasse-Schmidt derivations of A/k such that their components of degree 1, Di, ..., D}, form
a system of generators of the A-module Dery(A). Then, for any Hasse-Schmidt derivation
D € HSi(A;m) there exist Ciqg € A, 1 <d <n, 1 <1< m+1, such that the equation (1)
holds for all i > 1. Moreover, if {D1,..., DV} is a A-basis of Dery(A), then the {Ciq} are
unique.

PrOOF. We proceed by induction on z.

For i =1, ©; is a derivation and so there exist Ci1,...,Ci, € A such that

D = CllD% + -+ ClnD{L.
Let N be an integer > 2 and suppose we have elements Cjg € A, 1 <I<N—-1,1<d<n
such that relation (1) is true for 1 <i < N — 1.

By proposition (2.7), the k-linear map

N

=05 -3 | ST Y Tl | 2,

m=2 [A\|=N d= 1l€Ni‘i‘1:1
\u\f

l=X
o =



is a k-derivation of A. Then, there exist Cnyqg € A, 1 < d < n s.t.

(5:CN1D%+"'+CN7LD?

and

N n Hd
o=+ 3 | SIS e | 0.-
m=2 { |=N d=1 leNid q=1

= =X

A
pnl=m
A=

N n Kd
=> | 2 I 2 11| D
m=1 | |A\|=Nd=1 leNid q=1
ll=m =),
A= p

and equation (1) holds for ¢ = N.
Obviously the Cjy are unique if {D1,..., D7} is a A-basis of Der(A). Q.E.D.

2.9) REMARK. The Cjg in theorem (2.8) depend on the order of the D!, ..., D™
(2.9)

3 Applications: Coefficient Fields in positive characteristics

(3.10) Let (R, m, k) be a noetherian regular local ring of dimension n > 1 containing a
field, Xy,..., X, € m a regular system of parameters of R, kg C R a quasi-coefficient field

~

and R the completion of R. We can identify R = k[[X1,..., X,]] by means of a canonical

ko-isomorphism. Let Bin’ ey % be the usual basis of Dery,(R) and Al, ..., A" the Hasse~

Schmidt derivations of R over k defined in (1.4).
Let us recall the following result of M. Nomura ([3], Th. 2.3, [6], Th. 30.6)
(3.11) THEOREM. Under the hypothesis above, the following conditions are equivalent:
(1) 3% (R) C R foralli=1,...,n.
(2) There exist D; € Dery,(R) and a; € R, i = 1,...,n, such that D;(aj) = d;;.
(3) There exist D; € Dery (R) and a; € R, i = 1,...,n such that det(D;(a;)) ¢ m.
(4) Dery,(R) is a free R-module of rank n (and {D1,..., Dy} is a basis).
(5) rank Der, (R) = n.



The proof of the following corollaries are straightforward.

(3.12) COROLLARY. Under hypothesis and equivalent conditions of theorem (3.11), for any
basis D1, ...,Dy € Derg, (R), their extensions Dy,...,Dy to R form a basis of Dery(R).
Moreover, the restrictions BLXAR :R— R,i=1,...,n, form a basis of Dery,(R).

(3.13) COROLLARY. Under hypothesis of corollary (3.12), let’s suppose that ko is a field of
characteristic 0. Then, the set {a € R | Dj(a) =0 Vj=1,...,n} is a coefficient field of
R (the only one containing ko).

The following theorem is an improvement of theorem (3.11) and is based on the results
of section 2.

(3.14) THEOREM. Under the hypothesis of (3.10), the following conditions are equivalent:
(1) AJ(R) C R, forall j=1,...,n,i>0.
(2) There exist D' € HSy,(R) and a; € R, i = 1,...,n, such that

0 i>2 Vj

Jeoy
Di(“l)_{ 5 i=1, Vj,L.

(3) There exist D; € IDery,(R) and a; € R, i =1,...,n, such that det(D;(a;)) ¢ m.
(4) Dery,(R) is a free R-module of rank n and IDery,(R) = Dery,(R) (and {D1,..., Dy}

is a basis).

(5) rankIDery, (R) = n.

PROOF.

(1) = (2) = (3), (4) = (b) are straightforward.

(3) = (4) comes from theorem (3.11).

(5) = (1): Let D',..., D™ € HSy,(R) such that Di,..., D} are linear independent over
R. Let us consider the extensions @ e A@n € HSk(}A%), whose degree 1 components
D%, ..., DT are also linear independent over R.

Following the lines of the proof of theorem (2.8), we are going to prove the following
result:

For any j =1,...,n, there exist Cljd e K=Q(R),1<d<n,1<I<+o0,such that

.

. n Hd .
J_ J 3
Al = > 11 > IIcha | D (3)
m=1 |)\‘:i d=1 lENid qg=1
ll=m =),
A=



for all 7 > 1.
For! i = 1, the A{ are k-derivations of R and then there exist C{d € L = Q(R) such

that
Z cJ D

Then, for any m =1,...,n we have
8jm = Z(Jﬂ D{(Xpm)

and the matrix (ﬁ{ (X)) with entries in R has a non-zero determinant. In particular
J
Ci, € K.
Let us suppose that for N > 2 there exist Cljd eK,1<d,j<n,1<I<N-1,such

that (3) holds for i = 1,...,N — 1. We can consider HS;(R) C HS,(L). By proposition
(2.7), for any j = 1,...,n the k-linear map

) N n Hd ) R
O S SN I D3RI CAL) o
m=2 | |N=N d=1entd =1

|u|=m II=X\
)\M Hd

is a k-derivation of L. Let a € R be a common denominator for the Cljd, 1 <d,j7 <n,
1 <1< N —1. Then,

N

) . n Hd )
9= s =3 | S TS [Tuco | 2,
m=2 | |\=N d=1en!d g=1

|p|=m l=x
N [1I=Xq

maps R into R and a™ 7 € Derg(R). There exist Ug\/d € L,1<d,j <mn, such that

AN =3 Ty
d=1
Since the matrix (15] (Xin)) with entries in R has a non-zero determinant and (a N )(Xm) €

R (notice that Ag\,( m) = 0), we deduce that CNd € K. By setting Cde =a NCy, e K
we obtain the expression (3) for i = N.

'This is the same argument used in the proof of theorem (3.11).
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From (3) we deduce that ' R
ARy c KNR=R,

forall j=1,...,n,47>0, and (1) is proved. Q.E.D.

(3.15) REMARK. As noticed in [4], page 289 for theorem (3.11), theorem (3.14) also
holds for HSk(ﬁ) N HS(R) instead of HSy,(R), Derk(]/%) N Der(R) instead of Dery,(R) and
{6 € Der(R) | 3D € HS,(R) NHS(R) s.t. Dy = 0} instead of IDery,(R), and the mention
to a quasi-coefficient field can be avoided.

(3.16) REMARK. We do not know any example of a noetherian regular local ring (R, m, k)
containing a quasi-coefficient field ko (of positive characteristic) such that IDerg,(R) #
Dery, (R).

The following theorem generalizes corollary (3.13) to the case of characteristic p > 0.

(3.17) THEOREM. Under the hypothesis of (3.10), let D',... D™ € HSy,(R) such that
their degree 1 components {Dl, ..., DT} form a basis of DerkO(R). Let @1, .. ,@n be the
extensions of D',..., D" to R. Then the set {a € R | DJ( )=0 VYj=1,...,n, i>1}is
a coefficient field ofR (the only one containing k).

PROOF. Since R = k[[X1,..., X,]], we have k = {a€§|Aj( )=20 J=1.niz 1}.
By corollary (3.12) we deduce that {D?,..., D"} is a R-basis of Derj,(R), and from theorem
(2.8) we can express the A] in terms of Dj In particular

{aeﬁ]ﬁg(a):o Vi=1,...,n, i > 1} C k.

The opposite inclusion comes from proposition (1.6). Q.E.D.
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