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ON THE DIMENSION OF DISCRETE VALUATIONS

MIGUEL ANGEL OLALLA ACOSTA

ABSTRACT. Let v be a rank-one discrete valuation of the field
E((X1,...,X5,)). We know, after [1], that if n = 2 then the dimen-
sion of v is 1 and if v is the usual order function over k((X1,... , X))
its dimension is n — 1. In this paper we prove that, in the general
case, the dimension of a rank-one discrete valuation can be any
number between 1 and n — 1.

TERMINOLOGY AND PRELIMINARIES

Let k£ be an algebraically closed field of characteristic 0, R, the
ring k[ Xy,..., X,], M, = (X1,...,X,) the maximal ideal and K,, =
kE((X1,...,X,)) the quotient field. Let v be a rank-one discrete va-
luation of K|k, R, its valuation ring, m, its maximal ideal and A,
its residual field of v. The center of v in R, is m, N R,,. Throughout
this paper “discrete valuation of K,|k” will mean “rank-one discrete
valuation of K|k whose center in R, be the maximal ideal M,”. The
dimension of v is the transcendence degree of A, over k. We shall
suppose that the group of v is Z.

Let Ky be the completion of K, with respect to v, v the extension
of v to K,,, Ry, mz and Ay the ring, maximal ideal and the residual
field of v, respectively. We know that A, and Aj are isomorphic. Let
o : Ay — R be a k—section of the natural homomorphism R; —
Az, 8 € Ry an element of value 1 and ¢ a variable. We consider the
k—isomorphism

D=0, A;[t] — Ry

d (Z oziti) = Za(ai)ﬁi,

and denote also by & its extension to the quotient fields. We have
then a k—isomorphism ®~! which, composed with the order function
on Az((t)), gives the valuation v. This is the situation we shall consider
throughout all this paper, and we will freely use these notations and

well-known results ([3]) without new explicit references.
1
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1. THE DIMENSION OF v

Fix a number m between 1 and n—1. We are featuring a constructive
method in order to obtain examples of valuations with dimension m.
Let us consider the following homomorphism:

X1 — t
Xy —> ut .
X; — 2721 ul/Pitd

where k(u) stands for the algebraic closure of k(u) and 2 < p3 < ... <
P are prime numbers.

Lemma 1. The homomorphism ¢ is one to one.
Proof. Let us take the fields Ky = k(u) and

K; = k(u, {ut,j > 1}, {u'/?,j > 1})

for all 7 > 3.

Let us suppose that ¢ is not one to one, then ker(y) # {0}. So let f
be a non-zero element of M = (X;,...,X,) such that f € ker(¢). Let
m be the higher index such that f € k[X1,... , Xn]-

If m =1 or 2, trivially we have a contradiction.

If m = 3, let us take

I = fle(X1), o(Xs), X3) € Ka[t, X3],
and consider the homomorphism

V: Kot Xs] — k(u)[f]
t — t

Xz — Dl ul/Phd.
We know that f € ker(v) and this kernel is a prime ideal because 1 is
an homomorphism between integral domains. We can write f = t"g,
with » > 0 and ¢ doesn’t divide to g. This forces g to have some non-
trivial terms in X3. Let s > 0 be the minimum such that aX3 is one of

these terms. By the Weierstrass preparation theorem we have g = Ug/,
where U(t, X3) is a unit and

g =XS4+a ()X +.. . +at).
Since U is a unit, ¢’ € ker(¢)) and

v(d)=4g (t, Zul/”%tj) = 0.

j>1
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This leads to a contradiction because the roots of ¢' are in K,[t'/9],
with g € Z, by the Puiseux theorem.

If m > 3 let us take
? = f(‘P(Xl)a sy (p(Xm—l): Xm) S Km—l[[ta Xm]]

and consider the homomorphism

Vi Kmat,Xm] — k()]
to— t

Xpm +— Zplul/p;"tj.

As in the previous case we can write f = t"h, where h € ker(¢). So we
have h = UR/, where U(t, X,;,) is a unit and

B = XD +b ()X 4.+ b.(t) € ker(¢)),

SO

B (t, Zul/f’?ﬂtﬂ') = 0.
Jj=>1
But this is again a contradiction by the Puiseux theorem: since ker(¢))
is a prime ideal, we can suppose that A’ is an irreducible element of
the ring K,,,_1[t][X;,]- In this situation the Puiseux theorem says that
to obtain the coefficients of a root of h' = 0, like a Puiseux series in ¢
with coefficients in k(u), we have to resolve a finite number of algebraic
equations of degree greater than 1 in K, ;. Inside K,,_; we can not
obtain u!/Pm and, with a finite number of algebraic equations, we can
obtain a finite number of powers of uPm but not all. So this proves
the lemma. 0J

We shall extend to the quotient fields this injective homomorphism
for giving an example of a rank-one discrete valuation of k((X1,... , X,))
of dimension 1.

Lemma 2. There exists a rank-one discrete valuation of k((X1, ..., Xn))
of dimension 1.

Proof. We know that the homomorphism

0 k(X1,-.., X)) = k(u)((2))
previously defined is one to one, so we can take the valuation v = vo,
where v is the usual order function over K(u)((t)) in ¢. Let « be the
residue X,/X; +m, € A,. Hence, to obtain the lemma we have to
prove that o ¢ k and A, is an algebraic extension of k(«).
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Let us suppose that o € k. Then there must exist a € k such that
X/ X1+ m, =a+m,, so
X2 — aX1
————— €m,.
X, "
This means that v(Xy —aX;) > 1. On the other side we have
o(Xe —aXy) = (u—a)t,

so v(Xy —aX;) = 1 and we have a contradiction. Hence « ¢ k.

Let us prove that A, is an algebraic extension of k(a). We can
consider each element of k[ X7, ..., X,,] like a sum of forms with respect
to the usual degree. If f, is a form of degree r, then ¢(f,) = t" P, with
P a polynomial in u and a finite number of elements u'/7:.

Let us take f, g € k[Xy,...,X,] such that g # 0 and v(f/g) = 0.
Then ¢(f/g) = ho + thi, where hy is a rational fraction in v and a
finite number of elements u'/Pi. So hg is algebraic over k(u). Let us
consider

P(u,Z) = co(u)Z™ + cy(u) Z™ 1+ . 4 by 1 (1) Z + by (v)

a polynomial satisfied by hg, where ¢; € k[u] for all 7 and ¢y # 0. Let
[ be the element

_p(Xe fY (X2 () X2
ﬂ—P(E,§>—CO<X1) (g) ++Cn(X1)

Then we have
o(B) = co(u)(ho + th))" + ... + cu(u),
so v(B) =voe(B) >0 and f € m,. Subsequently,

0+mv:B+mU:P<a,§+mv>.

This proves that f/g + m, is an algebraic element over k(«) and, a
fortiori, the lemma. O

Lemma 3. The dimension of a rank-one discrete valuation of the field
E((X1,...,X,)) is between 1 and n — 1.

Proof. We know, after [2]|, that the dimension of a rank-one discrete
valuation of £((X1,...,X,)) is minor or equal than n — 1. So we have
to prove that there exists a transcendental residue in A,,.

Let us suppose that v(X;) =n; for all i = 1,... ,n. Then the value
of X3/ X1 is zero, so 0 # (X3'/X?) +m, € A,. If this residue lies
in k then there exists a9; € k such that

ni
2

n2
Xl

+m, = ao1 +Mmy.
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This implies

X;ll X;“ - ang{”
Xn2 — 021 = an € m’l}a
1 1
and then . .
Y (M) S0
X7

So we have v(X3*' — ag1 X?) = my > nyny. Then

n1 n2\n1i
v <(X2 );?Llle ) ) —0.
If the residue of this element lies too in k, then there must exist aqy € k
such that v((X3" —ag X7?)™ — a0 X™) = me > nym,. We can repeat
this operation.

The previous procedure is finite. If it didn’t stop we would construct
the power series

Xy =) byX]
=1

such that the sequence of partial sums has increasing values. Since I/(;
is a complete field, then this series amounts to zero in contradiction
with X; and X, being formally independent. So the procedure must
stop and there exists a transcendental element over k in A,,. O

Theorem 4. Let m be a fixed number between 1 and n — 1, then there
exists a rank-one discrete valuation of k((X1,...,Xn)) of dimension
m.

Proof. Let us consider the one to one! homomorphism

v k[Xy, ..., Xu] — kE@)[t1,...,tn]

X1 —

XQ —  ut
{ S uP i > m 4 1.
We can take the valuation v := v o ¢, with v the usual order function
in k(u)[t1,...,tm]- We know (lemma 2) that the residue X5/ X; +m,
is transcendental over k. Trivially the residue X;/X; + m, for all 1 =
3,...,m+ 1 are transcendental over k(Xy/X; +my,..., X; 1 +m,)
because t; are formally independent variables. Any element f/g+m, €
A, is algebraic over k(X,/X; +m,, ..., X\ +my) by lemma 2. So
the dimension of v is m. O

XiF—>

!The proof of injectivity parallels that of lemma 1.
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