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Abstract
We compute the degrees of the syzygies of lattice ideals by means of
some simplicial complexes. The vertex sets of those complexes are subsets
of the extremal rays of the associated cone. In particular, we deduce a
way of computing the depth of the ideal. In the case when the lattice ideal
is homogeneous, the regularity is computed in terms of such complexes.

Introduction

Toric ideals with the terminology in [12] are special cases lattice ideals. Namely,
lattice ideals can be seen as a generalization of toric ideals when one allows
torsion in the semigroup S which parametrizes the variety.

A determination of the degrees of the syzygies of these ideals by means of
some simplicial complexes can be found in [8]. These simplicial complexes have
their vertices on a generating set of S, A.

In this paper, we adapt and extend the methods in [8] and give a method of
computing such degrees by means of other simplicial complexes appeared in [9].
The advantage of these new complexes is that they are constructed taking their
vertices on a subset of semigroup generators denoted by E., which in practice is
much more small. Precisely, a generator is taken over each extremal ray of the
associated cone.

The method uses the Apery set @, relative to the subset of the generator
chosen, in addition to Hilbert bases of some diophantine systems. Both sets
are finite and can be computed by Integer Programming methods. From the
characterization of the depth in [9] we deduce how such characterization (in
terms of above simplicial complexes) becames, now, an effective one.

The results in this paper are significant when F # A. However, we remark
that there some interesting cases satisfying £ = A, as, for instance, the Lawrence
ideals (see [3], [12] and [1]). In these cases @ = {0}, and all our results coincide
with the results in [8].

The last part of the paper considers the projective case. First Proposition 17
gives a characterization of when a lattice ideal is homogeneous which generalizes
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Lemma 4.14 in [12]. Finally, we give a characterization of the regularity of a
lattice ideal in terms of the considered complexes with vertices in E (see [7]
£00).

1 -Triangulations in a simplicial complex

Let A be an abstract simplicial complex with vertices over a finite set A. This
means that A C P(A), that ) € A and that if F € A, then F' € A, for any
F'CF.

If F € Aand fF = d—+ 1, F is said to be a face of A of dimension d,
dimF = d. In particular, dim{(} = —1.

Fix an orientation on each face of A, and consider the augmented chain
complex with values in a field &, i.e., consider the following objects:

e C;(A) the k—vector space generated freely by the i-dimensional faces of
A;

e 0;: Ci(A) — C;_1(A) the k—linear mapping given by

6i(F) = Z erp F',
FreA,dimFr=i—1
where eppr = 0 if o §Z F, and eppr = £1 if ' c F, eppr = 1 if the
orientation induced by F on F” is equal to the orientation chosen on F’,
and eppr = —1 otherwise.

o Zi(A) = ker(d;) and B;(A) = Im(d;41) are the spaces of cycles and
boundaries respectively.
Hence, the reduced i-homology of the simplicial complex A is the k-vector
space . B B
H;(A) = Zi(A)/Bi(A).
Definition 1. Leti > 0 and FF C A. We will say that 7 = {Fy,...,F}} is an
i-triangulation of F if the following properties are satisfied:

1$F; =i+ 1,Vj=1,...,t.
t
2. F=,_, F.

We will say that T is an i-triangulation of F' in A, if F; € A, Vj=1,...,¢,
and F ¢ A.

The following on nonvanishing of the homology will be used later in this
paper.
Lemma 2. Assume that Hi(A) # 0, and let c € Z;(A)—B;(A), ¢ = 22:1 AiFy,
A €k—{0} forany j=1,...,t, F; # Fy if j # |. Then, ifF:U;dFj one
has that

Vpe F 3,1<j<t | F;U{p}¢A.



Proof. See [8],1.1. O
Corollary 3. If H;(A) # 0, there exists ¢ € Z;(A) — Bi(A), ¢ = 22:1 A Fj,

such that T = {Fy,..., Fi} is an i-triangulation of F in A, for F = U;:l F;.

Proof. Tt is enough to take ¢ € Zi(A) — BI(A) and F, Fy,...,F; as in Lemma
2. |

2 Simplicial Complexes associated to a Semi-
group

Fix k a commutative field, S a cancellative finitely generated commutative semi-
group satisfying the property SN(—S) = (0), and A a system of generators of S,
#A = h. Let G(S) be the smallest group containing S, and V (S5) := G(5) ®z Q.

Let C(S) be the cone generated by S, i.e., the rational cone in V(S) gener-
ated by the image S of S in V(S). Notice that C(.9) is strongly convex because
SN (=S)=(0).

Let d be the dimension of S, i.e. d = rk G(S), and let f be the number
of extremal rays of the strongly convex cone C(S). Notice that, since C(S)
generates V(9), one obviously has f > d. Then, there are subsets E C A with
fF = f such that C(F) = C(S), where C(F) is the cone in V(S) generated by
E.

Following [9], fix a partition A = EUA, where E satisfies the above property.
This kind of partition is called convex partition. Let fA =r =h — f.

For any m € S, consider the simplicial complexes:

Ap,={FCA | m—npeS}
and
Tn={FCE | m-—npeS}

where np =) _pn and ng = 0.
Our objective will be to give an effective method for computing the finite
sets _
D(@):={meS | H(Ty)# 0},

for any ¢ > 0. The finiteness of D(i) is shown in Proposition 4.1 of [9], a such
method is given for i = —1,0 in [6]. For i = —1, notice that the set D(—1) is
the Apery set @ of S relative to E given by

Q:={meS | m—ed¢SVeec E}.

Since C(E) = C(S) for any element a € A there exists ¢, € N such that

Qa'azz)\e'e
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with A, € N. Therefore, () can be obtained, for example, cheking whether the
elements m = ) . 4 Aq - @, with A\, < g4, are in Q.

Our method follows from Proposition 11, needs the set @, and it works for
any ¢ > 0.

As application of this method, in section 5 the degrees of the syzygies of
some ideals will be obtained. To do this, we shall use the following result of [9].

Consider, for any t > 0, the sets

Cy={m e S|m=m+np, withm € D(i)and F C A,§F = t—1i, for somei > —1}.

Proposition 4. For any t > 0, one has Hy(Ap) =0 if m & C,.
Proof. Tt is the Proposition 3.3 in [9]. O

The above proof and our Theorem 19 need new combinatorical objects:

e For any m € G(S) and [ > —1, denote by C;(Q,,) the vector space which
has the set
{LCA | 4L=14+1,m—ny €Q}

as a basis.

e For any chain z in C4(Q,,), denote by 6;(z) the projection on Ci_1(Qpm)
of the simplicial boundary of z.

{Ce(Qmm), 04} is a chain complex for any m (see [9]). To understand better
the homology of this complex, consider, for any m € S, the following set:

K,={LeA, | (LNE#0) or (LCA and m—n,eS—Q)}

It is easy to check that K, is a simplicial subcomplex of A, so that one can con-
sider the chain complex Co(K,,) and the relative chain complex Cq (A, Kip).

Notice that, by construction, one has an identification Ce(Qum) = Co (A, Kin).
Moreover if m € @, then one has that Ce(Q,) =~ k and K,,, = 0. Otherwise, if
m € S — @, since Je € E such that m — e € S, one obtains L = {e} € K,, and
K (0.

Therefore, H_1(K,,) = 0 for any m € S. This allows to deduce, from the
exact sequence of complexes,

0 — Co(Kn) — Co(Ap) — Co(Qu) — 0,
that there is a long exact sequence of homology,
o= Hip1(Qu) — Hi(Ko) — Hi(An) = Hi(Qu) = ..

.. — Ho(Kyp) — Ho(Am) — Ho(Qm) — H_1(K,,) = 0 —
ﬁ—l(Am) - H—l(Qm) — 0.



Now, in order to understand the homology f[.(Km), let us consider the
simplicial complex given by the following disjoint union of subsets of >:

K, =K, ,U{FUJ,JFCAJCE | m-np-—ny;¢S and m—np—e € S,Ve € J}.

Notice that any F'U J in the second set of the above union is such that the
cardinality of J is at least 2. _

The complex K,, is acyclic, i.e. H;(K,,) =0 for any [ > —1 (see Corollary
2.1 in [9)).

Thus, the long exact sequence of homology coming from the exact sequence
of chain complexes

0 — Co(Kpn) — Co(Kp) — Co(K,p, Kpy) — 0

gives rise to an isomorphism p;41 : fIl+1(Km, K,) — ]EII(Km)7 for every | > —1.
Lemma 5. With the previous notations:

a) Hi(Ap) = Hy (Ko, Kon), VI > 7.

b) If Hy (K, Ky) # 0 then Hy_1(A,,) # 0.
Proof. Tt is enough to use that H;(Q,,) = 0, VI > r and the above sequences. [

To study the homology H, (K., K,,) let us consider, the chain of simplicial
complexes

K, =MV cM®cMDc..c M=K,

m
where M,(q?, —1 < i <r, is the simplicial subcomplex of K,, given by:

MO =K, U{L=FuJeK,, | FCAJCE, and #F <i}.

Now, Hy(Km,Kp) can be computed (see [9]) by means of the long exact se-
quences

= HMOD MDY - 7 M® MO) — 7,(MB MO -

for —1 <i < j <k <r. In fact, to compute Hy(Kp, Kn) = Ho(M%, MG ),
it will be enough to use the above exact sequences for the concrete values of
(4,4, k) given by (—1,0,1),(-1,1,2),...,(=1,7—1,r), and take into account the
following result which is obvious by construction (see Proposition 3.2 in [9]).

Proposition 6. With the previous notations, for any m € S, one has: for any
l>—-1and anyi, 0<i<r,

ﬁlJrl(MS’riL)?Mg?i_l)) =~ @ ﬁlfi(Tman)
FCAHF=1

(in this formula, H;_(Tp_p,) = 0 if either | +1<i orm —np ¢ S).



3 Finding the finite set D(i)

Fix the same notation than section 2. Notice that since S is finitely generated
commutative, we can consider excepting isomorphism

GS)=2'®Z/aZ - ®ZL/a,Z,

where a; € Z,1 <i < s.Set A = {ny,...,n,} asystem of generators of S. Let A
be the matrix whose column vectors are the generators of S, A := (ny|...|ny) €
M(a4s)xn(Z), considering the elements n; as elements in Z4ts and let

A —-A 0 0 0 0 0
0 A -A o 0 --- 0 0

A(t) == 0 0 A -4 0 0 0 1e M ays)t—1)xnt(Z).
0 0 0 0 0 A —-A

Let F C Eandlet 7 = {F},..., F;} be an i-triangulation of F. Set e, € N”
the vector with coordinates equal to zero, excepting the jth one which is equal
to one, for any j € F. Set e, := (er,,...,er,) € N* and set

R, ={a=(aW,...,.aP) e N" | At)a=0 ,a> e},

where > stands for the componentwise partial order in N".

Notice that if o € R, and it is written a = (o), ..., a®) with o) € N,
then for any j,1 < j < t, one obtains Aa®) = ... = Aa® = m € § for some
m.

Set

YR, :={meS | m=AaW, for some a = (P, a® ... o) e R,}.

Lemma 7. Let m € S, F C E and let 7 = {F}, ..., F} be an i-triangulation
of F in Ty, then m € X R,.

Proof. 1t is enough to use that F; € T, if and only if there exists al) € N»
such that Aal) = m, and o) > er;-
O

It is well-known that the set HR, := {& € R, | « is minimal for <} is
finite, hence the set

SYHR, :={meS | m=AaW a= (W, a? .. oY) eHR,},
is finite.
Definition 8. On the elements of S, define a partial order >g
m>gm < m-m'eS—Q.

If H C S, we say that m € H is Q-minimal in the set H if m >g m/, with
m’ € H, implies that m = m/’.



Set
M, :={m e XR, | mis Q—minimal in ¥R, }.

Lemma 9. In the conditions as above, for any m € LR, there exists m' € M,
such that m =m’ +m”, withm” =0 orm” € S — Q.

Proof. Tt is a consequence of that the condition SN (—S) = {0} guarantees that
the number of different expressions of m as sum of non null elements in S is
finite (Proposition 1.2 in [4]).

O

Lemma 10. In the conditions as above, M C XHR, + Q. Therefore, the set
M. is finite.

Proof. Let m € M,. Then, m = AoV with a = (o,...,a®) € R,. If
a € HR,, we are finished. Suppose that a ¢ HR,. Then o = o/ + o, with
o € HR, and o’ € N, Then, if m’ = A’V m/ € SHR.. By m —m' =
m” = Ao € S and m is Q—minimal, if m” # 0 we obtain that m” € Q.

|

Proposition 11. The set
D)= {me s | Hi(Tn)#0}
18 finite and it can be determined by an algorithm.

Proof. Consider m € D(i). Notice that it is enough to prove that m € M, for
some i-triangulation 7 of F' in T,,.

By corollary 3 we obtain that there exists ¢ € Zi(T},) — Bi(Ty), ¢ =
Z;Zl A\;Fj, such that 7 = {Fy,...,F;} is an i-triangulation of F in T,,, for
F=U_, F;

If m € M, , we are finished. Otherwise, by lemmas 7 and 9, m = m/+m” with
m' € M, and m”" € S—@Q. Set E={nq,...,ns} and A = {nsy1,....,np4,},
we can write m’ = Z;;T Bijnj, B; € N and 3; # 0 for some j, 1 < j < f.

Suppose that 5y # 0. If ny € F, we apply lemma 2 for p = 1. Then,
there exists j,1 < j < t, such that ny ¢ F; and F; U {n1} ¢ T,,. However,
m' —np, € S because m' € My, and m” —n; € S because 1 # 0. This means
that m — ng; —n1 € S which is a contradiction with F; U{n,} & T,. Therefore,
nq ¢ F.

By ny ¢ F we obtain in a similar above way that m — ng;, —ny € S, for any
j. But then F] = F; U{n} € T}, and

t
d = ZAJFJ/ S ~i+1<Tm)~
j=1

_ Then, we have that d;11(c) = ¢, which is a contradiction because ¢ ¢
B;(T,,). Therefore m” = 0, and our result is proved.
O



Remark 12. The following construction makes effective the characterization
of q := depthy Ek[S] given in Theorem 4.1 in [9]. Moreover, it is an effective
method to check the Cohen-Macaulay property (d = q).

The set D(i) can be computed with the following steps:

1. Compute the set Q.

2. Compute YHR,, for any i-triangulation T of F, F C E, §F > i+2. (Use
Integer Programming, see for example [11])

8. Check the Q-minimal elements in the set
YHR +Q
to obtain M., for any i-triangulation T of F', FF C E, {F > i + 2.
4. Determine the set

G={(m,7,F) | me M,, T i— triangulation of F in Tp}.

5. Check whether H;(T,,) # 0 on the set

{meS | (mF)eqG}

4 Degrees of syzygies of lattice ideals

We use the notation of precedent sections. Let k[S] be the semigroup k-algebra
associated to S, which is considered by k[S] = @,,. 5 kx™, where x™ - ™ =
™™ Let R = k[X1,...,X}] be the polynomial ring in h variables.

k[S] is obviously an S-graded ring, and R is S-graded assigning the degree
n; to X;. Let m be the irrelevant ideal of R. The k—algebra morphism,

v: R— k[5],

defined by ¢(X;) = x™, is an S—graded morphism of degree zero. Thus, the
ideal I = ker(y) is an S—homogeneous ideal. Since ¢ is surjective, k[S] ~ R/I.
1 is a lattice ideal because it is the ideal associated to the lattice

h
ker(S) :={uecZ" | Zniui =0}
i=1
(see Lemma 9 in [13]). This means that
I=(X"" —X" | u€ker(S)),

where u = ut — u~ with u*,u~ € N” and supp(u*) Nsupp(u~) = 0.
Notice that the property SN(—S) = (0) is equivalent to the property ker(S)N
N = (0).



On the other hand, the condition S N (—S) = {0} guarantees the S—graded
Nakayama’s lemma (Proposition 1.4 in [4]). Then, there exists a minimal
S—graded free resolution of k[S].

Let N; be the corresponding i-syzygy module (Ng = I) and consider the
k—vector spaces

Vi(m) := (r(jlvﬁ,m €s.

In particular, since R is noetherian, one has V;(m) = 0 for all m but finite many
of values. Set

S(@)={meS | Viim)#0},
the set of S-degrees for the minimal i-syzygies of k[S].

Proposition 13. The set of S-degrees for the minimal i-syzygies of k[S] can
be computed from the simplicial complexes T,,, m € S.

Proof. We are looking for the set S(i). There exists an effective isomorphism

for any m € S (see [5]). Then,
S(i)={meS | Hi(A,)#0}.

Proposition 4 guarantees that S(i) C C;, hence it is enough to compute the
set C; from the simplicial complexes T;,, m € S. But it is possible by using
Proposition 11.

O

Remark 14. To find the S-degrees for the minimal i-syzygies of k[S] one can
do the following:

1. Compute D(j), for any j <i. (See Remark 12)
2. Compute the set C;. (It is enough to use the definition)
3. Check the elements m € C; such that Hy(A,,) # 0 and obtain S(i).

Theorem 15. The minimal S-graded free resolution of k[S] can be computed
from the simplicial complezes T,,, m € S.

Proof. It is enough to take the images of the elements in a basis for the i-reduced
homology space H;(A,,) by the effective isomorphism

Hi(Am) = Vi(m),

for any m € S(i).
O

Remark 16. The minimal S-graded free resolution of k[S] can be computed
doing:

10



1. Foranyi, 1 <i<h—2:

o Compute S(i). (Remark 14)

o Compute a basis for the i-reduced homology H;(A,,). (Using linear
Algebra and integer Programming)

o Tuke the images of the element in the above basis by the effective
isomorphism y
Hi(Am) = ‘/z(m)
(Remark 3.6 in [5]), and obtain a minimal generating set of the i-
syzygy module of k[S], N;.
2. The minimal S-graded free resolution of k[S] is:
0— R 250 .. Rb2 B3 R B R A E[S] — 0,

where for any i, 1 <i < h-—1, b; = Zmes(i_l) dimkHi_l(Am) and the
mapping p; is given by the matriz whose column vectors are generators of
N1 (Ng=1).

Notice that if
p:=max{i | b; #0, 1<i<h-1},

the Auslander-Buchbaum theorem guarantees that p = h — depthp k[S].

5 The regularity of a homogeneous lattice ideal

Let £ C Z" be a lattice, and let I be the ideal associated to £, i.c.
I=(X"" —=X" | uecr).

We can consider the semigroup S C Z" /L generated by {e; +L, ... ,en+L},
where the e; are the unit vectors in N®. Set n; = e; + £, 1 < i < h. Then,
I = ker(p), where as in the precedent section,

¢ : R — k[5]

is defined by ¢(X;) = x™.

The following result characterizes when the ideal I is homogeneous for the
natural grading. We will not use the special form of the generators of S. This
is not strange because the lattice ideals and the ideals of finitely generated
commutative semigroups are the same thing (Lemma 9 in [13]). Here, it is not
necessary the condition SN (—S) = (0).

We can suppose that

S C Zd@Z/a1Z@---@Z/aSZ,

with a; € Z non null, 1 <1 < s.
Let 7 be the projection over the first coordinates

7 20— 74,

11



Proposition 17. With the above notations, I is homogeneous for the natural
grading if and only if there exists w € Q% such that w - 7(n;) = 1, for any
i=1,...,h.

Proof. Let Sy be the subsemigroup of Z4* generated by {nf,...,nj_  }, where
e if 1 <i < h, n} = n, considering n; as an element of Z4+*,

o if h+1 < i < h+s,n!is the vector in Z** with coordinates equal to
zero, excepting the (d 4+ ¢ — h)-th one which is equal to a;_p.

Let 7’ : Z"*5 — Z" be the projection over the first coordinates.

Notice that £1 := 7’(ker(S1)) is a lattice of Z", moreover, £1 = ker(S).

On the other hand, consider S, the subsemigroup of Z¢ generated by (n;),
1 <4 < h. Set Ly := ker(S2) which is another lattice of Z".

It is easy to see that £1 C Lo. We claim that both lattices have the same
rank. In fact, it is clear that rk(£y) < rk(ker(S1)) = (d + s) — rk(A’), where
A= (0] ng ) € Mars)x (hts)(Z). From the special form of this matrix
follows that if C is a basis of ker(Si), then 7/(C) is a basis of n'(ker(S1)).
Therefore, rk(£1) = rk(ker(S1)). Notice also that

tk(A") = s +rk(m(n1)]. .. |7 (nn)),
which implies that
rk(ker(S1)) = d —rk(m(ny)|...|7(nn)) = rk(Ls).
Therefore, we have prove that
rk(L1) = rk(L2).
On the other hand, notice that it is satisfied that
I=(X"" X" | uecLly).

Therefore, I is homogeneous if and only if (1,...,1) € L{. Since rk(£;) =
tk(L3) and £ C Lo , it holds if and only if (1,...,1) € L3, and hence if and
only if there exists w € Q? such that w - 7(n;) =1, forany i = 1,...,h.

O

Lemma 18. With the above notations, if I is homogeneous, then SN (=S) #
(0).
Proof. Suppose that S N (=S) # (0), then there exist a; € N such that
Z?zl a;n; = 0, with some o; # 0. Hence, Z?zl a;m(n;) = 0. Let w € Q% be the
vector given by Proposition 17. We obtain 2?21 a;(m(n;) -w) = 2?21 a; =0,
that is a contradiction.

U
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The following theorem is a formula (recently obtained in [7]) for the regu-
larity of I in terms of the simplicial complexes T,,. Above computations makes
effective such formula. For the sake of completeness of the paper, we prove the
result.

Notice that if I is homogeneous and m € S, it is well defined ||m/|| = ||a||1,

where m = A« and ||a||; = 2?21 ;.

Theorem 19. With the above notations, assume that I is homogeneus, then
reg(I) = mar_1<i<f—o{u; — i},

where w; = max{||m|| | m € D(3)}.

Proof. The regularity of I is reg(I) = maxo<i<n—2{t; — i}, where t; is the
maximum degree of the minimal i-syzygies of I (see, for example, [2]).

Let ¢ be such that 0 < ¢ < h — 2 and m € S(i) such that ¢; = ||m||. Since
S(i) € C; (Proposition 4), m = m+np where m € D(j) for some —1 < j < f—2,
F C A and §F =i — j. Therefore,

ti—i=|lm| —i=|ml[+ (i —-j)—i<u;—j
Hence, we obtained that
reg(I) < maz_1<i<s—of{u; —i}.

In order to prove the contrary inequality, we consider M := max_1<i< f—2{u;—
i}, and the finite set P := {(m,i) | m € S, ||m|| = u;, and M = ||m]| — i}.

Take (m, i) € P with maximum ||m/||. Let i := m 4+ ny and ¢ := i+ r. We
claim that ﬁt (Am) 7é 0.

Our claim proves the contrary inequality because m € S(t) and therefore,
M = [[ml] — i = |[ml| — t < reg(D).

In order to prove the claim: let F' C A with §F" = j, where 0 < j <r — 1.
If Hi_j(Tm—ny) # 0, since ||t — np|| — (t — j) = ||m|| — i we obtain that (7 —
np,t—j) € P. But this is a contradiction because ||t — ng|| > ||m||. Therefore
ﬁt—j(Tm—nF) = 0. A similar reasoning provides that ﬁt_j_l(Tm_nF) =0.

Using the Proposition 6:

a) Hypy (MY MUy~ |, (T,).
b) f[l(M%),Mf%_l)) =0, forany j=0,...,r—1,and for I =¢,¢t + 1.

From (b) and the following diagram of exact sequences:

S fft+1(M(mO)7M(_l)) =0— ﬁt+1(M(ﬁl)aM(m_l)) - ﬁtﬂ(M(U,M(mo)) =0—--

m m

o Hoy MY MEY) =0 - Heypy (M2, MEY) - By (MO MY) =0 — -

13



o Hypy MEY MEY) =0 - Hen (MY, MEY) - Hep (MY, MY

m m m

|
Ht+1 (Kﬁa Kﬁ)

m

is obtained that
Hyy MO MUy = By (Ko, Ko
Therefore, using a) we obtain
() Hepr (K, Kip) = H; (T, # 0.

If i > 0, by () and a) of Lemma b5, it is obtained that

H;(T) = Hy(Aw).

If i = —1, then by () and b) of Lemma 5, it is obtained H,_1(Aw) # 0. Now,
the claim is proved.
U

Remark 20. If I is a homogeneous lattice ideal, the regularity of I can be
computed with the following steps:

1. Compute D(1), for any i, —1 <i < f —2. (Remark 12)

2. Compute
u; = maz{||m|| | m € D)},

foranyi, -1 <i< f—2.
3. reg(I) = mar_1<i<f—o{u; —i}.

Finally, notice that the computation of the regularity does not require the
computation of the complete minimal resolution, neither the computation of
S(i), where 0 < ¢ < h — 2, it is enough to determine the sets D(i), where
1<i<f-2.
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