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The standard fan of an analytic D-module

A. Assi, F.J. Castro-Jiménez and M. Granger'

Abstract

We extend to the analytic D-module case our results in the algebraic case (see [3]), namely, we associate with
any monogeneous module over the ring D of germs of linear differential operators at the origin of C", with
holomorphic coefficients, a combinatorial object which we call the standard fan of this D-module (see chapter 6
for a precise geometric description of this object). The main tool of the proof is the homogenization techniques
and a convergent division theorem that we prove in the homogenization ring D[t].

1991 Math. Subj. Class: Primary 35A27, Secondary 13P10

1 Introduction and notations

The aim of this paper is to associate with any monogeneous module over the ring D of germs of linear differential
operators at the origin of C”, with holomorphic coefficients, a combinatorial object which we call the standard
fan of this D-module. We use here the terminology of Hironaka, the term Groébner fan being used preferably,
in the algebraic-completely algorithmic-case, as in [17] for the commutative analogue. We treated the algebraic
case, that is the case of a module over the Weyl algebra in [3]. The standard fan is built in order to take into
account all the possible filtrations of the D-module adapted to the given local coordinates, and the variations
of the associated graded module.

Our results, while being similar to those in the algebraic case, contain some significant features that are quite
different : notably the space U of allowed filtrations has to be restricted for the filtrations to be of valuation
type on the variables x;; and above all, there is the division theorem, such as we detail below, which is the hard
part of the proof.

A variety of similar situations occur in many places in the litterature. Their common point is to involve the
restriction of the standard fan to various linear subspaces of . Some examples are:

In [11], Laumon begins the investigation of a comparison between the V filtration of Malgrange Kashiwara
along a hypersurface and the filtration by the order, by developping a theory of filtred D-modules.

In [18], Sabbah and Castro build an analogue of the standard fan associated with the filtration by the order
and the filtration V; of Malgrange-Kashiwara type along the hypersurfaces x;. This allows Sabbah in [19] to
study the specialisations of a D-module M along these hypersurfaces. Similarly Laurent, in [12] defines the
slopes of a D-module along a hypersurface by the jumps in the graded rings of the filtrations interpolating the
order filtration F' and the V filtration along the given hypersurface.

Let us now detail the content of this paper : we consider the space U of all linear forms L : Q?" — Q
compatible with the structure of D which involves the following two constraints: the filtration by L must induce
a series order in restriction to the variables x; and the weight of % must be greater than the opposite of the
(non positive) weight of x; in view of the compatibility with the commutation rule [a%,a] = 8%2. This gives
on U a natural stratification since it is a polyhedral cone with 4™ stratas and a canonical isomorphism type for
the ring gr’ (D) on each stratum.

We prove first that the number of all possible gr’(I) for a given ideal I of D is finite. Our main tool is the
homogenization ring, as defined in [10] which we denote by D[t], and which is isomorphic to the Rees ring Rp(D)
with respect to the order filtration F' because of the rule [a%i,a} = t.g—;. In this ring, we obtain a division
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theorem, which is one of the major difficulties: we use in D the pseudonorms of the type || aq sgz*d°|| =
3 | pls @) with s > 0. We define “elementary division steps” of the type P = 3" Q;P; + R + v(P), with
v linear automorphisms on some appropriate spaces and the key point is that for s small enough v has a norm
< 1, which allows us to repeat the process convergently. Let us point out the fact that in general no common s
can be chosen when the order of P increases indefinitely.

Due to this division theorem, we can build a canonical decomposition £ of U -the standard fan- into convex
polyhedral cones such that on each cone grf(h(I)) is constant, where h(I) is the homogenized ideal associated
with I. Technically we prove first that the number of stairs Exp; (h(I)) and Exp; (I) of I associated with all
L € U and a given total well ordering on N2, is finite. The graded ideals gr’”(I) are also constant on each cone
of £, and the partition £ finally appears as being the decomposition into the sets where gr’(h(I)) is fixed.

In the last chapter we give a geometric description of the cones in terms of the properties of gr(h(I)).
We prove that in each of the 4" stratas, the relatively open cones are exactly those on which grf(h(I)) is
multihomogeneous of the appropriate type. We obtain a similar result concerning the restriction of the standard
fan to any linear subspace and this implies that each cone in £ is open in the affine space which it generates.

Finally, let us remark that the same kind of construction can be performed, with only extra notational
difficulties for a submodule A of a free module D".

Notations
Let D denote the C-algebra of linear differential operators with coefficients in the ring C{z1, ... ,x,} = C{z}
of convergent power series in n variables with complex coefficients, i.e. D = C{z}[D, ... ,D,] with relations
Oda
[ iy ]] 7[ “a} oz,

where a € C{z}.
Let P =} 5 nn ps(z)DP be a non-zero element of D, where ps(z) € C{z}. We denote by ord” (P) the

order of P (i.e. ord” (P) = max{|8|; ps(x) # 0}). We can write P = > . feNT Doz DP with p, 5 € C and we
call the set N'(P) = {(«a,8) € N*"|p, 5 # 0} the Newton diagram of P.

2 Finiteness results for ideals in D

Let U be the set of linear forms L : R?® — R, L(a, 3) = Z?:l e + Z?zl fiBi with e; + f; > 0 and e; < 0 for
i=1,...,n. Such a linear form L defines a filtration Fy, o (called the L-filtration) on D in the usual way. Let
P =3 scnn Parsz®DP be an element of D. We define the L-order of P (denoted by ord”(P)) as the maximal
value of L(a, 8) over N'(P). For each k € R we have, by definition,

Frp=Fpx(D)={P e D|ord"(P) < k}.
We denote by gr”(D) the graded ring @keL(Zgn) % associated with this filtration.
The structure of this ring is the following: after reordering if necessary the variables we may assume that
e c; <0forl1<i<pywithe,+f;=0forl1<i<p;ande;+ f; >0forp <i<py
e ¢, =0,f; >0 for po <i<ps
e ¢; = f; =0 for p3 <i<n.
then gr(D) is isomorphic to
ClZpyt1s-- Tt T1s o s Ty Eprtts- -+ 3 &pss D1y oo s Dpyy Dpyt1y -« 5 D

There is a finite number of types of these rings, one for each partition of {1,... ,n} into four sets.
For each P € D and for each d > ord”(P) we denote by o (P) the symbol of order d of P with respect to
the L-filtration, i.e. oZ(P) is the class of P in Fy, 4/Fr <4. We write oL (P) (P) for the principal

symbol of P. We have o'(PQ) = o*(P)c*(Q) for P,Q € D.
For a left ideal I of D we denote by grX(I) the graded ideal associated with the induced L-filtration on I.
This is the ideal of gr” (D) generated by the set {o*(P)|P € I}.

_ L
= OordE (P)



Theorem 2.1 Let I be a left ideal of D. Then the set {gr™(I)| L € U} is finite.

Let to this end < be a total well ordering on N2 compatible with sums and denote, for all L € I/ the total
ordering (but not in general a well ordering) on N2" defined by:

L(a, ) < L(e/, )

or

(@,f) <w (@,f) & § Lla,f) =L, 3) and |5] <|F|
or

L(a,8) = L(/, '), |B| = || and (o/, 8') < (v, B)

The total ordering <j, is compatible with sums in N27,

Definition 2.2 For P = Za,[}GN” pa,gx"‘D/B a non-zero element in D we define the L-privileged exponent of
P as expy (P) = max., {(o,3) € N?"|p, 3 # 0}. Let I be a left ideal of D. We denote by Exp (I) the set
{exp(P)| P € I}.

The L-privileged exponent of P is well defined because, for all d € N, the set {(«, 8) | |3] = d} has a maximal
element with respect to <p. We have exp; (PQ) = exp (P) + exp,(Q) for P,Q € D.

Theorem 2.3 Let I be a left ideal of D. Then the set {Exp,(I)| L € U} is finite.

3 Homogenisation and finiteness results for homogeneous ideals in
Dlt]
Let us denote by D[t] the algebra
D[t] = C{z1,... ,xn}[t, D1,... ,Dy]
with relations

da

L

t

[tva} = [taDi} = [aab] = [DiaDj] =0, [Di;a] =
where a,b € C{z}. The algebra DJt] is a graded algebra; the graduation, in d, being
ptl=P | @ Ccfz}t*D’
d>0 \k+|8|=d
Let P =3 3cnn ps(2)D? be an element of D. The differential operator

W(P) =" pa(a)terd” ™-FIps e D]
B

is called the homogenisation of P. If H = 7, ; hi 5(z)t*DP is an element of D[t], we denote by H(1) the
operator of D

H(1) = hyp(x)D”.
k.8
With the notations above, for all P,Q € D and for all homogeneous element H € DJ[t],

1 h(PQ) = h(PIK(Q)
2. There exists k,1,m € N such that t*h(P + Q) = t'h(P) +t™h(Q).



3. There exists k € N such that t*h(H(1)) = H.

Let L be an element of . As in 2 such a linear form L defines a filtration Fy, o (called the L-filtration)
on D[t] in the usual way. Let G = 37} 5onn Gk.a.5t°2*DP be an element of D[t]. We define the L-order of G

(denoted by ord”(@)) as the maximal value of L(a, §) over the set of (k,a,3) such that gi .5 # 0. For each
k € R we have, by definition,
Fpx(D[t]) = {G € D[t] | ord"(G) < k}.

We denote by gr(D[t]) the graded ring associated with this filtration. We have grf(D[t]) = grl(D)[t] where,
with the notations of 2, [D;,z;] =t ife; + f; =0 and [¢;,2;] =0 if e; + f; > 0.

For each G € D[t] we denote by o*(G) the principal symbol of G with respect to the L-filtration.

We denote by D the algebra C[[z]][D] = C|[z1,. .. ,2,]][D1, ..., D] of linear differential operators with
formal power series coefficients. As before we denote by ﬁ[t] the corresponding graded algebra.

For a left homogeneous ideal J of D] (resp. Dlt]) we denote by gr(J) the graded ideal associated with
the induced L-filtration on J. This ideal is generated by the set {o1(G) |G € J}.

Theorem 3.1 Let J be a left homogeneous ideal of D[t]. Then the set {gr™(J)| L € U} is finite. And the same
is true for DIt].

Let <z, be the total ordering on N?" defined in 2. We recall that the extension of <, denoted by <% is
the total ordering on N'™2" (compatible with sums) defined by:

k+ |8l <k + |5
(k,a, B)<B (K, o/, B) <= or { k+ |8 =k +|p| and
(OQB) <L (a/7ﬁl)

Since < is a total ordering (but not a well ordering) compatible with sums, we have for all non-zero element

G = Z g(a,aﬁ)tagagﬁ S D[t]

a,o,f3

the notion of privileged exponent of G w.r.t. <% which we denote by expcn (G) (or simply expp(G)): If
N(G) = {(a, @, B); g(a,a,5) # 0} denotes the Newton diagram of G, then exp(G) = max_» N'(G). Also we have
for all non-zero ideal J of D[t], the notion of a Grobner (or standard) basis of J. We denote by

Expy (/) = Expoy () = {expoy (P)| P € T},

Theorem 3.2 Let J be a left homogeneous ideal of D[t]. Then the set {Exp;(J)|L € U} is finite. And the
same 1is true for DIt].

Theorem 3.2 implies theorem 3.1. The proofs are given in 5.
Let 7 : N'*27 = N x N?2* — N?” denote the natural projection. The proofs of 1,2,3 and 4 below are
elementary and left to the reader:

L. If P € D, then 7(exp_n (h(P))) = exp., (P).

2. More generally, if H is an homogeneous element of D[t], then

m(expoy (H)) = m(expor (R(H(1)))) = exp, (H(1)).

Let I be a left ideal of D. We denote by h(I) the homogeneous ideal of D[t], generated by {h(P)|P € I}.
We call h(I) the homogenized ideal of I. With these notations we have the following

8. w(Exps (h(1))) = Exp., (I).



4. Let {P,..., Py} be a generating system of I and let I be the ideal generated by

{h(P1),... h(Pn)} in D[t]. Then m(Expn (1)) = Exp., (I).

Let Fo(D) denote the filtration on D by the order of the differential operators (see 1). If P is a differential
operator in D, then we denote by o (P) the principal symbol of P w.r.t. this filtration. If I is an ideal of D,
then we denote by grf’(I) the graded ideal associated with the induced filtration on I.

Lemma 3.3 Let I be a left ideal of D and let {Py,..., Py} be a family of differential operators of I. The
following assertions are equivalent:

1. h(I) = (h(P1),... , h(Pw)).
2. gt (I) = (" (P1),... , 0" (Pn)).

4 Division Theorem in D]t

Let L : R*" — R be a linear form, L(c, 8) = >0, e;o; + Yy fi8i with e; + f; > 0 and e; < 0 for all 4. Let
{P1,..., P} be a family of non-zero homogeneous elements of D[t]. Write d; = ord” (P;) (where ord” denote
the order with respect to (¢, D)) and d§; = ord”(P;).

Denote by (Ay,...,A,, A) the partition of N1+2? defined by (exp; (P1),... ,exp; (P.)). We have:

o Ay =exp,(P)+ N2,
o A; = (exp,(P;) + NF2n)\ (U;;llAj), fori=2,...,r.
o A=N'2r\ (Uj=14;)
Theorem 4.1 For any P € D[t] there ezists (Q1,... ,Qr, R) € (D[t])" ! such that:
1. P=Y,Q:P,+R
2. If Qi # 0 then N(Q;) + expy (P;) C A; for all i
3. If R#0 then N(R) C A

Proposition 4.2 Let Py, ..., P, be homogeneous elements of D, [t], and L a linear form inU. Then there exist
linear forms L' in U, arbitrarily near to L and with only non zero coefficients such that ej + f; > 0 for any j
and expy, (P;) = exp(P;) for any i. Furthermore we may assume that o/ (P;) is a monomial for all i and L'
has rational coefficients.

Proof of the proposition. Let us assume to simplify the notation that for some p we can write L(a,3) =
Z§:1 aje; + Z?zl Bif;, with eg > 0,...,e, > 0 and of course ep11 =0,...,e, =0.
Let us denote by N (P;) the Newton diagram of P;. Consider the set

Fi= |J (-N)x(a@+N")x(3-N").
(La,B)EN (P)

Of course F; is invariant by the translations of (—IN) x N™ x (—N") and it is finitely generated (over (—N) x
N" x (=N"™)) since P; is “polynomial” in (¢, D). So we can write

Fi = (@, 0™, 5%) 4+ (-N) x N" x (—N"),
k=1



We denote by k; € {1,---,s;} the index such that (I%*i a®*i giki) = exp,(P;). For any k we have
L(a®*i ghks)y > L(a®* B%%) and for any L’ and any i the privileged exponent eXpL,( %) has to be chosen
in the finite set of all (I"*, a®F 35F). By definition of exp; (P;), we have for any k € {1,--- ,s;}:

p
L(ai,ki,ﬁi,ki)_ 1k’61k Z _ z', e]+z zk zk >0

Jj=1
Consider the form L.(a, 3) = Zj Laje; + 30 Bi(fj 4 €). Then we get:
Le(ai7ki7ﬂi7ki) - Le(ai7ka6i7k) = L(O‘i’kiaﬁi,ki) - L(ai’k7ﬁi7k) + €(| = |617k|)

The definition of the order <” implies then that L.(a®F:, g4%) — L (abF B5k) > 0 for any k.
Furthermore when L(a®¥:, 30F) = L(a%*, 35F) we have the inequalities

(ai’ki,ﬁi’ki) < (ai’k,ﬁi7k)

and it is well known (see for example [4]) that for a finite number of multi-indices the restriction of any
well ordering can be described by a linear form A with strictly positive coefficients: Thus if L(a®Fi, ki) =
L(a®k, 30k) Aotk giki) — A(a®* B9F) < 0. If we set L' = L. — nA we obtain a linear form which for e
small enough and then with n > 0 small enough with respect to ¢ has only positive coefficients and satisfies
the condition in the proposition. The assertion about the rationality of the coefficients of L’ comes from the
openness of the conditions in the statement of the proposition. O

Proof of the theorem 4.1. The results of the theorem depend only on the exp; (P;) and then if they are true
for L’ in proposition 4.2 they are also true for L. Therefore we may assume that L is a strict rational linear
form (i.e. e;, f; are rational, e; < 0, f; > 0, e; + f; > 0) and furthermore we may assume that for all j

oL (P}) = thig®s DA

By the rationality of L there exists h € N, h > 0 such that hL(Z*") C Z.

We fix d € N. We denote by E; the complex vector space of homogeneous operators in Dl[t] of total degree
equal to d.

Let P = Y, ﬁpk a,pt*x*DP be an operator in E;. We consider the pseudo-norm on E,; defined by

|Pls = 3" Pk,a,pl8
reader.

(@h) where s € R7 . The following lemma will be used later and its proof is left to the

Lemma 4.3 Let P € D[t] and so > 0. Then for all 0 < s < sy and for all § > ord"(P) we have |P|, <
(35)7°1Plso

We consider the family of Banach spaces
Ed,s = {P € Ed| ‘P|s < +OO}

We have Eq s C Eq ¢ for s’ < s (because |P|s < 400 iff ZL(aﬁ)>0 IPk.a.pls H@P) < +00) and By = J,o o Ea.s-

s>0

Lemma 4.4 Let P be an L- homogeneous element of Ey with ordL( = §. The there exist Qj € Eq_q; for
7=1...,r, R € Ey and S € Ey such that:

1. @; is L-homogeneous and ordL(@;) =0 — L(oy,B5) =0 —0;.
2. R is L-homogeneous and ord®(R) = 6.
3. ord“(S) <6 —1/h.

4. P=Y,Q;P;+R+S.



5. N(Q3)+expL( ) C A and N(R) C

Moreover, there exists K > 0 and so > 0 such that for all 0 < s < 5o we have |@vj|é < s7%|P|, |R|s < |Pls,
|S|s < Ks'/"|P|y and K depends only on Py, ..., P, and d.

Remark 4.5 The norm |]3|S is equal to C;s“s for some positive constant C'p.

Proof (of the Lemma) It is enough to work with ¢-homogeneous operators in E4. So we can suppose
P =t*A(z,D)

where A(x, D) € D is D-homogeneous. By commutative division in the ring Clt, z, £] we have

thA(z,€) = Ztk ki A (x, €)t% 2% €5 4 t* R(P)(x, €)

j=1

where A; (2, §) is L-homogeneous with ord®(A;) = 6 — L(ey, 3;) (A; = 0if k < k;) and R(P) is L-homogeneous
with ordL(R( )) = 0. Remark that exp; (P;) = (kj, a5, 5;) and so (kj, oj, 8;) +N(tk FiAj(z,€)) € A; and

N(t*R(P)) C A.
We now consider the operator in D[t] defined by the product

Aj(x, D)z DY = Z .o gr® D DI

Then we obtain

P =Y "t""% Aj(x, D)t*1 2% D% + t*R(P)(w, D) + Wi (t,z, D)
j=1

for some operator Wi in D[t] and then

P =>"t""%A;(x,D)P; +t*R(P)(x, D) + Wa(t,z, D)
j=1

where Wy = Wi + 3, th=ki A;(z, D)(tkiz® DPi — P;) is of L-order strictly less than 4.
e We have |A|, < |P|, and |B|s < |P|,. Then
Yo lAjlsltta® DB | =Y 7|4l < Al < | Pl
J J
and |R(P)|, < |Al, < |Pl..
e Wi=3 .5 tha; o gz [DP, 2% DPi. We have

Wils € 3 lagasls @0 | 370y ps Hea8480) | =
g V#0

= D lajapls™ P ujg(s)
Jra,B8
where Cj 5. is some constant and u;g(s) = >_ Cjps HOi=10i=7) = 570 D20 Cj 5P, Be-

cause L(v,v) > 0 there exists K5 > 0 (increasing function of s) such that u; s(s) < Kss~% /" (remember
that h is a positive integer verifying hL(Z*") C Z). Finally we have, for all s,

[Wals < Kssl/h Z |aj,a,ﬁ|5_L(a7ﬁ)_§J = Kssl/h Z ‘Aj‘ss_éj < Kssl/h|ﬁ|s-



o Write P = thiz® D + 37, o pjw pr (2)t¥ DY, We have ord™(p; s g (x)D? < §;. As in the preceding
point (making, perhaps, K, bigger and by applying lemma 4.3 to 0" (p; x,37) when 7; < f; for all ¢) we
have [Wa|, < Ks'/"|P|, for all s < so; where s is chosen in order that Ipj i prlsy < 400 for all j, k', '
and K = K.

Then, we define @; = th=ki A;(x, D), R= th(ﬁ) and S = W and the lemma is proved. O

Now we return to the proof of the theorem. Consider, for 0 < s < sg Egs5 = {P € Eqs|Pis L —
homogeneous of I — order 8} and Ey . <; = {P € Eq,|ord”(P) < 6}.

By lemma we have continuous linear maps

® gjs: Eass — Eass—s; with 4;5(P) = Q;.
e 75 Ed,s,5 — Ed,s,é with T(s(f)) = R
® Vs . Ed,s,é — Ed7s,§6—1/h Wlth U@(ﬁ) = g

Let P =}, Ps_pn be an element of Ey,, where ¢ = ord” (P) and P5_jp is L-homogeneous of ord” equal
to & — k/h. The series
> vs—n/n(Po—ksn)
k

is absolutely convergent in Eq s (because [vs_p/p(Ps—k/n)|s < Ksl/h|P5_k/h|s).
So we define a linear map v : By, — Egs by v(P) = >, vs_j/n(Ps—i/n). We also have linear maps q; : Eq s —

Eqs by ¢;(P) =, @.56—k/n(Ps—in) and v : Eq s — Eq s by 7(P) = >, rs—i/n(Ps—k/n)-
We have:

165 (P)|s <0 1@j.6—k/n(Ps—iyn)ls < D5 8% [Ps_jynls = 5% | Ps.
[r(P)]s < |Pls.

[0(P)|s < Ks'/"|Pl,.
o P=3,q;(P)Pj+1r(P)+v(P).

We fix s; > 0 such that s < sg and € = Ks}/h < 1. So, writing v°(P) = P and v'(P) = v(v'~*(P)), the

series
> '(P)
1

converges in Eg,, because [v!(P)|s < €'|P|s. The same is true for Q; = >, ¢;(v!(P)) and R = Y, r(v!(P)).
Finally taking limits we have

P=2 QiFj+R
J
where ; and R verify the conditions in the statement. [

Remarks 4.6 For given d and s there is a common polydisc of convergence for the remainder of the division
and we have obtained in the proof of the theorem 4.1 a continuous division Eqs, — (Eqs, ) 1.

This is not the case independently of d. Consider for example in the one variable case the homogeneous
operator P = td — x20% and the division by P of the degree d + 1 monomials M, = tPo1=P forp=1,... ,d.
The first step of the division gives:

M, = P71 P(P 4+ 220%) = t* 7194 PP + 22 M,y + 2(d — p)xM,, +2(d — p)(d —p — 1) M4 1.

By an argument of linear algebra we can find M € Eq1q (M polynomial in x) and A € C with |A| > d such that
M=QP+ R+ \xM.

Thus the division process of M by P generates a remainder with radius of convergence p < (1/|A]) < (1/d).



Corollary 4.7 We have expy (P) = max{exp (R),exp; (QiP;), i = 1,... ,r} and o (P) =Y 0§ _5 (Q:)o™(P)+
ok (R) where § = ord"(P),; = ord"(P,).

Remark 4.8 We have a division theorem in ﬁ[t] 1Its statement is analogous to the one in theorem 4.1 and its
proof is simpler.

Notation 4.9 The element R in the theorem above is denoted by r(P; Py, ..., P.).

Corollary 4.10 A family {Py,... Py} of elements of an ideal K of D|t] (or D[t]) is a L-standard basis of K
if and only if r(P;Py,... ,Py) =0 forall P K.

Let Py, P, be two operators with privileged exponents \; = (k1,at, 1), Ao = (ka2, a2, 3?). We call the semi-
syzygy of Py, Py the operator My Py — MaPy = S(Py, P») where My, My are two monomials whose exponents
v! 1?2 are such that v!' + A\; = 2 + Ay and minimal for this property and furthermore such that the leading

coefficients of M; Py and M, P, are equal so that we get exp; (S(Py, Py)) <% exp (M1 Py) = exp (MaPy).

Proposition 4.11 Let F' = {Py,..., P} be a system of generators of an homogeneous ideal J of D[t]. The
following are equivalent:

1. F is a L-standard basis of J
2. r(S(P;, Pj); Pr,... ,P.) =0 for any (3,7).

Proof. Because of the corollary 4.10 it is enough to prove 2) = 1). So, we must prove the equality

T

Exp.(J) = U(GXPL(Pi) + NHM)
i=1

knowing that the rest of the divisions of any S(FP;, P;) is zero.

We suppose first that the linear form L is strict and rational (as in the proof of theorem 4.1).
The proof follows the same line as in [6], [15] except that we must be careful about the questions of finiteness.
Let P be a non zero element of J. For any decomposition of P on the generators {P;}:

P= iHiBa
i1

we define :
H=(Hi,... H)
3(H) = max{exp, (H: )}

L(H) = m?x{ordL(HiPi}.

By the usual process involving the division of the S(P;, P;) we can replace H by H' such that P = ). H]P;
and §(H') < §(H). Since the division is homogeneous with respect to the variables (¢, D), |3 is bounded in
the developments of the H;, H/, and for a fixed value of L(H) there are only a finite number of possible §(H),
because L is strict. Therefore L(H) decreases after repeating the first process a finite number of times.

Finally since the set L(Z?") is discrete (or again because || is bounded) we can find H” with P =", H"; P;
and exp (P) = 6(H") € Uj(exp (P;) + N'2m).

Suppose now that L is general and let P be an element of J. By 4.2, there exists a strict linear form L’ such
that exp (P;) = expy, (P;) and exp, (P) = expy, (P). By the first part of the proof {P,... , P.} is a L’-standard
basis of J and therefore;

T T

expr(P) = expp/(P) € U(GXPL'(Pi) + NI = U(QXPL(Pi) + N

i=1 i=1
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5 Proofs

We will start by a key technical result which is in fact a particular case of theorem 3.1 and 3.2.

Proposition 5.1 Let P be a non-zero element of D[t]. The sets {exp,(P)|L € U} and {c"(P)|L € U} are
finite. The same is true in DIt].

Proof. Let us denote by N'(P) the Newton diagram of P. Consider the set
F= |J (-N)x(a+N")x(8-N").
(l,a,B)EN(P)

Of course F' is invariant by the translations of (—IN) x N” x (—N") and it is finitely generated (over (—N) X
N" x (=N"™)) since P is “polynomial” in (¢, D). So we can write

F= U (1%, %, B%) + (=N) x N" x (=N")).
k=1

Suppose that for some L € U and some (I, a, 3) € N12" we have exp; (P) = (I, o, 3) : there exists k such that
(L, ) = (1%, a*, B%) + (', =)

for some I’ € N and 7,v" € N™. So we have L(a, ) < L(a¥, 8*) and then, by definition of exp; (P), L(a, 3) =
L(a*, 3%). Thus, there exists only a finite number of possible values for exp; (P) when L varies in .
Therefore we have o (P) = 2 L(a,B)=ord™ (P) ap.pt'r*DP and the exponents (o, 8) for which L(a, ) =

ord”(P) are determined by the following rule:
e (I,a,8) e N(P)
e There exists k such that (I,a, 3) € (I¥,aF, %) + (=N) x N™ x (—=N")
e (a; —aF)e; =0and (3; — BF)fi = 0 for any i.

For a fixed P there is only a finite number of choices for o (P) following this rule. O

5.1 Homogeneous results

Proof of theorem 3.2. Suppose the result were not true. Then there would exist an infinite set of linear forms
in U, L = {L;}i>1 such that, writing E; = Expy (J), we have E; # E; for i # j. Let {Py,..., Py} be a
system of generators of the ideal J. Thanks to the technical result 5.1 we can suppose that, for each [ we have
expy, (P1) = expy, (P) for all i, j. Consider the set

Wo = | J(expy, (P) + N1+2%)
=1

which is in fact independent of i. We can suppose that Wy # E; for all ¢ (in fact this inequality is true for
all ¢ except maybe one). So the set {Pi,..., Py} is not a standard basis of J w.r.t all <z,. Then there
exists P41 € J such that expy, (Prt1) € Wo. By means of the formal division theorem we can assume that
N(Ppt1) N Wy = 0. Now, by 5.1 we can also assume that expy, (Py+1) = expy, (Pm+1) for all 4, j. We restart
with {P1,..., Pn11} as a system of generators of J and with W, = gitl(epri (P,) + N1*2n) This produces
an infinite chain Wy C Wy C --- which is impossible because the noetherianity of Nl+2n O
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Proof of theorem 3.1 We deduce 3.1 from 3.2 in the following way. Let E be a subset of N'*2" invariant by
the translations of N'*2" and let L be a linear form such that Exp; (J) = E. We have to prove that the set of
all gr’ (J) such that Exp;,(J) = E is finite. By the division theorem we can find B = {P,,... , P,,} with the
two following properties:

e B is an L-standard basis of J.
e For all i, (N (P;) \ {exp, (P)}) C (N2 \ E).

These conditions imply that B is an L’-standard basis of J for any L’ such that Exp;,(J) = E. ;From this we
deduce that ) ) )
gr (J) = (¥ (P1),... 0" (Pn)).

To conclude the proof we have only to apply the analogue of 5.1 to the rings gr’’ (D]t]) and the elements ol (P)
of these rings. According to 2 recall that these rings are canonically isomorphic to a finite number of them and
that the finiteness of the number of O'L/(Pi) must be understood via these isomorphisms. O

Following the above proof we can state the following definition and proposition:

Definition 5.2 The set B={Q1,...,Q,} is a reduced standard basis of the homogeneous ideal J if
e 3 is an L-standard basis of J.
e For all i, N(Q;) \ {exp.(Q;)} C NIF2n\ E

Proposition 5.3 Any homogeneous ideal admits a unique reduced L-standard basis made of homogeneous ope-
rators. Let B be the L-reduced standard basis of J. For any L' such that expp(Q;) = exp.(Q;) then B is the
L’ -reduced standard basis.

5.2 Finiteness results in D,

Proof of theorem 2.3 Let J = h(I) be the ideal generated by all the homogeneous elements h(P) such
that P € I. Let also m : N'*2" — N?27 be the natural projection (k,a,3) — (a,3). We have (see 3)
m(Exp; (h(I))) = Exp(I). Since the set of all Exp; (h(I)) is finite by 3.2, this proves the finiteness of the set
of all Exp, (I). O

Proof of theorem 2.1 In the theorem 2.1 the finiteness of the set of gr”(I) must be understood in the following
way: These are graded ideals of the pair-wise distinct graded rings gr”(D,,) which can be collected in a finite
set of isomorphism classes, up to unique non graded isomorphisms.

The operation ¢t = 1 gives a morphism of graded rings:

O 2 gr’(Dalt]) — gr*(Dn)
and we deduce the theorem 2.1 from the theorem 3.1 because of the equality:
Oz (gr-(h(I))) = gr*(I)

Let us prove this equality. First let P € I be of order ordy(P) = d. We have:

h(P) =" pagt*1Plz D?
o,

" (M(P) = > papsttVPlzDl.
L(a,B8)=d
The operation t = 1 then clearly gives:

L (h(P) = Y. papz®D? =o"(P)
L(o,B)=d

12



This proves that o”(P) € ®(gr*(h(I))).

The other inclusion is less obvious: Let R = " Q;h(F;) with P, € T be an homogeneous element of degree
d, for the graduation by (¢, D) . If P; has degree d;, this means that @; is homogeneous with d — d;. Then
Qi = h(Q;(1))t4=4i~¢ where e; is the degree of the operator Q;(1). Thus we have R = Yt~ 4 ¢ h(Q,;(1)P;) =
t*h(> Q:(1)P;) for some \.

This proves that R = t*h(S) for an element S of I, and that oZ(R) = t*aZ(h(S)) in gr(D,[t]). By the
operation ¢ = 1 this gives ®1(cL(R)) = @1 (c%(h(S))) = o(S) by the first part of the proof and it is an
element of gr’(I) as required. O

6 The standard fan

Let I be a non-zero left ideal of D and let A(I) be the homogenized ideal of I in D[t]. The purpose of this
section is to study the stability of grl(h(I)) and gr’(I) when L varies in U.
For all E C N'*2” guch that F + N'2" = E. we set:

Up ={L € U;Expy(h(])) = E}.

With these notations we have the following:

Theorem 6.1 There exists a partition £ of U into convex rational polyhedral cones, such that for all element
oc &, gr’(I) and Exp; (I) do not depend on L € o. This partition is exactly the partition into the set on which
grl(n(I)) is fized. Furthermore, every Ug is convexr and a union of cones of £.

We start by fixing some notations. Let E be a subset of N?"*1 such that £ + N?"*! = E and let L € Ug.
Then consider the reduced L-standard basis Q1,...,Q, of h(I). By 5.3, {Q1,...,Q,} is also the reduced
L’-standard basis, for all L’ € Ug. Denote by ~ the equivalence relation on U defined from Q1, ... ,Q, by:

L~L < o"(Qp)=0c"(Qr) for all k=1,....r

Lemma 6.2 ~ defines onU a finite partition into convex rational polyhedral cones and Ug is a union of a part
of these cones.

Proof. Let Li,Ls € U such that Ly ~ Lo and let L in the segment [Ly, Lo], also let § € [0,1] such that
L=0-L +(1—0) Ly Write for all 1 < k <r, Qx = Qr + Ri with N'(Qx) = N (oL (Qx)) = N(c22(Qx))
and ord™ (Ry) < ord”(Q). Since for all (o, 8) € N?* L(a, §) = 6 - Li(a, ) + (1 — ) - La(c, 8), then
ol (Qr) = %1 (Qr) = 0%2(Q) by an immediate verification. Therefore the equivalence classes are cones.

On the other hand, if Ly ~ Ly and Ly € Ug, then Ly € Ug. Indeed this equivalence implies expy, (Qr) =
expy, (Q) for all k. Hence Exp;,(h(I)) D E. The opposite inclusion follows from the division theorem 4.1
because this division depends only on the exponents. This proves that Ug is a union of classes for ~, the number
of classes being finite by 5.1. O

Proof of Theorem 6.1. We define £ as follows: for each E we consider the restriction £g to Ug of the above
partition and then & is the finite union of the £x’s. On each cone of the partition, gr”(h(I)) and Exp; (h(I))
are fixed, and the same is true for gr’(I) and Exp, (I) thanks to the proof of the Theorems 2.1 and 2.3.

For the converse, we remark first that Exp; (h(I)) = Exp; (gr”(h(I))) and that if {Q1, ... , Q. } is the reduced
L- standard basis for h(I) then {o(Q;),... ,0L(Q,)} is the reduced L-standard basis of gr”(h(I)) (because the
Q; are homogeneous). Assume then that L’ is another form such that gr’ (h(I)) = gr’ (h(I)) without an a priori
hypothesis on the set of exponents. This equality implies in particular that the rings gr’”(D[t]) and grl’ DJt]) are
canonically isomorphic (of the same type) and admit a (L, L')-bigraduation. The ideal gr’(h(I)) = gr’ (h(I)) is
(L, L')-bihomogeneous which implies that o%(Qy) is also bihomogeneous: in fact, consider the L’-component Hy,
of oL (Q},) containing the L-exponent. Then we have Hy, € gr™ (h(I)) = gr’(h(I)). By the unicity of the reduced
L-standard basis of grl(h(I)) this gives Hy = o(Qr). We end the proof of the lemma as follows: There is
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Q). € h(I) such that Hy = o (Q},) by which we get exp; (Qx) = expy,(Q}), hence Expy, (h(I)) D Exp;, (h(I)).
By exchanging the roles of L and L’ we get the equality Exp;, (h(I)) D Exp; (h(I)) and finally o= (Q) = o= (Qx)
for all k, by the unicity of the reduced standard basis.

This ends the proof of the theorem except for the convexity of Ug proved below:

Lemma 6.3 Ug is a convez set: If L1, Ly € Ug, then [L1, La] C Ug.

Proof. Let L €]L1, Ly[ and let § €]0,1[ such that L =6 - Ly + (1 —0) - Ly. For all 1 <k <7, if exp, (Qx) =
expr, (Qr) = expyp, (qx(t)z®DP), and if Qy = gi(t)z*DP + Ry, then either Ry = 0, or ord” (g (t)z*DP) >
ord®(Ry,). Furthermore, if ord” (qx(t)z*DP) = ord”(Ry,), then ord™ (qx(t)z*DP) = ord™(R},) for at least one
1 < i < 2. In particular expy,(Qx) = expy, (qx(t)z*D?), which implies that E C Exp, (h(I)), and consequently,
by division, that E = Exp, (h(I)), ie. LeUg. OO

Definition 6.4 & is called the standard fan of h(I), which would be in the terminology of [17], the extended
Grébner fan of I.

In what follows, we give some specifications about the partition:

The subspace U of R™ being defined by the equations e; + f; > 0 and e; < 0 is naturally stratified as a
subvariety with corners: there is a stratum U, ,, indexed by each 2n-uple (1,71, ... , €y,7y) of elements of {0,1},
with ¢; = 0 (resp. 7; = 0) if and only if e; + f; = 0 (resp. e; = 0). For L € U,,, the ring gr’D, which is of
a fixed type, admits a multigraduation, with one graduation for each element of the 2n-uple (e1,71,... ,€n,Mn)
equal to 1. Each of these graduations are either a graduation by the form 3; — a;, that is by the V-degree in
(wi, D;) or (z4,&;), or by the form f3;, that is by the degree in &;. Of course the number of strata is 22".

Definition 6.5 We say that gr”(h(I)) is a multihomogeneous ideal of type (e1,M1,- .- ,€n,Nn) if for any H €
grl (n(I)), each multi-homogeneous component of H is also in gr’(h(I)).

Lemma 6.6 The ideal gr”(h(I)) is multi-homogeneous if and only if the reduced L-standard basis of gr* (h(I))
is multi-homogeneous.

Proof. We use exactly the same argument as to obtain the equality Hy, = 0% (Qy) in the proof of the theorem
6.10

Proposition 6.7 The set of forms L € U., such that gr’(h(I)) is multihomogeneous of the type €,n is the
union of the cones of € which are (relatively) open in Ue .

The following lemma is the essential step in the proof of this proposition.

Lemma 6.8 Let P € h(I) be such that o(P) is multi-homogeneous: Then there is a neighborhood W in U,
such that for any L' € W, o' (P) = o (P).

Proof. There is a finite list of linear forms L1, ... , L, with L;(c, ) = Bi—a; fori=1,... ,gand L;(c, 8) = 5,
fori=¢q+1,...,p, such that the elements of U , are the linear combinations of L1, ..., L, with coefficients in
R% . We write L, = Zle w; L; for a general element of U, ,, (p; > 0), and L = Ly with A; > 0 for all <.

The second result in proposition 5.1, means that the Newton diagrams A(¢X'(P)) can take only a finite
number of values. Let N, ... , N, be their list, with Ny = N(cZ(P)): Since o (P) is multi-homogeneous, N is
minimal, for the inclusion order, in the set N, ..., N, and we can write L;(Np) = A; as the value of L;(c, )
for any (I, o, 3) € Np.

Choose then (1%, a’, 3°) € Ny \ Ny for b=1,...,c. We have:

L(a®,8%) < LING) = MAs + ...+ A4,

and, for p sufficiently near to A, we get by continuity L,(a®,8%) < L,(No) = p1 41 + ... + ppA,. The Newton
diagram of ol (P) contains none of the exponents (I°,a’, 3%) for b = 1,... ,c therefore is equal to Ny, and
olu(P) = oL (P) for |\; — ;| small enough as required. O
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Proof of the proposition 6.7. Assume first that grl(h(I)) is multi-homogeneous and that {Q1,...,Q,} is a
reduced L-standard basis of h(I). By applying the lemma to all the @ at the same time, we find that, when
all the |\; — ;| are small enough, we have for any k the equality o“+(Qs) = o*(Qy). This proves that all these
L,, are in the same cone of £ as L, by lemma 6.2. This ends the proof of the fact that this cone is relatively
open in U .

Conversely, assume that this cone is open. Then, for all nearby u, o%#(Qx) = 0% (Q4) by the definition of
this cone so that with the notations of the lemma:

V(k,a, B), (1,7,0) € N(o(P)) Vu = A+ p, with p small enough :
L(a, §) = L(v,9)
ZPi(Li(aaﬁ) — Li(v,6)) = 0.

Therefore for any i, L;(c, 3) = L;(7y, ) which proves that o¥(P) is multi-homogeneous and ends the proof
of the proposition. [

Remarks 6.9 1) For (e,n) = (1,1), we obtain the open cones in £ whose union is the set of L such that
grl(h(I)) is generated by monomials in the commutative ring Clz, ]

For (e,n) = (1,0) the ring gr’(D[t]) is just the homogenization A,[t] of the Weyl algebra, and we obtain
as the union of the relatively open cones on this stratum, the forms L such that gr™(h(I)) is torus fized in the
sense of [20], that is generated by operators of the form x%p(x101,. .. ,2,0,)0°, with p € Clby,... ,0,] and, for
all i, aibi =0.

2) In the case of the Weyl algebra, we have a similar result but with only 2" strata, and the proof is slightly
simpler because all the N'(Qy) are finite (cf. [3])

3) With the same proof as in the proposition 6.7, we can see that if gr (h(I)) = gr®2(h(I)), then all the
L in an open segment containing L1 and Lo have the same grX(h(I)) i.e. are in the same cone of €. This
establishes the fact that each cone of € is (relatively) open in the affine space which it generates.

4) Similarly if we consider on the line [Ly, La] a linear form L such that gr’(h(I)) is bi-homogeneous, then
there is a neighborhood of L included in the cone of L (i.e. with the same gr®(h(I))). This is a way to recover
the “twin lemmas” of [2], therefore to read the algebraic slopes of I on the standard fan.
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