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Structure-preserving approximation of diffuse interface
tumor growth models
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This work is devoted to the numerical approximation of the
a degenerate diffuse interface model for tumor growth. This
model couples the Cahn-Hilliard equation for the tumor vol-
ume fraction u, a reaction-diffusion equation for the nutrient
volume fraction n and the Darcy equation for the extracellular
fluid velocity v. Let Ω ⊂ Rd be a smooth bounded domain and
T > 0 . The model, introduced in [1], reads as follows: find
(v, p, u, µu, n) with u, n ∈ [0, 1] such that

v =− νK(∇p+ u∇µu + n∇µn),(1a)
∇ · v =0,(1b)

∂tu+∇ · (uv) =Cu∇ · (M(u)∇µu)(1c)
+ δP0P (u, n)(µn − µu)⊕,

µu =F ′(u)− ε2∆u− χ0n,(1d)
∂tn+∇ · (nv) =Cn∇ · (M(n)∇µn)(1e)

− δP0P (u, n)(µn − µu)⊕,

in Ω × (0, T ), satisfying u(0) = u0, n(0) = n0 in Ω, with
u0, n0 ∈ L2(Ω) and u0, n0 ∈ [0, 1], and the following bound-
ary conditions on ∂Ω× (0, T ),

v · n = ∇u · n = (Mn∇µn) · n = (Mu∇µu) · n = 0,(1f)

where the parameters above are nonnegative with
δ, Cu, Cn,K > 0, ε, χ0, P0 ≥ 0 and ν ∈ {0, 1}.

Moreover, F : R → R is the Ginzburg-Landau double-well
potential F (u) = 1

4u
2(1− u)2, M(·) is a degenerate mobility

function, µu and µn are the chemical potentials for the tumor
and nutrient variables, respectively, with µn := 1

δn− χ0u and
P (·, ·) is a degenerate proliferation function. The operator (·)⊕
denotes the positive part such that (ϕ)⊕ = max{ϕ, 0}.

In this talk, we introduce a structure-preserving discretization
of the model (1) based on a upwind discontinuous Galerkin ap-
proximation in space and a semi-implicit scheme in time. The
resulting discrete variables preserve the following properties of
any solution (v, p, u, µu, n) of the continuous model (1):

PROPOSITION 1 The total mass of tumor cells and nutrients
is conserved in the sense of ∂t

∫
Ω
(u(x, t) + n(x, t))dx = 0.

PROPOSITION 2 The following energy law is satisfied

∂tE(u, n) + Cu

∫
Ω

M(u)|∇µu|2 + Cn

∫
Ω

M(n)|∇µn|2

+ δP0

∫
Ω

P (u, n)(µu − µn)
2
⊕ +

1

K

∫
Ω

|v|2 = 0,

where the energy functional is defined by

E(u, n) :=

∫
Ω

(
ε2

2
|∇u|2 + F (u)− χ0un+

1

2δ
n2

)
.

Moreover, we will also present some numerical results that il-
lustrate the performance of the proposed scheme.

The details of the numerical approximation and the proofs of
the results in the absence of the extracellular fluid interaction
(ν = 0) have been published in [2]. Currently, we are working
on extending the ideas for the case ν = 1 using the stabiliza-
tion techniques developed in [3], direction in which we have
made some promising progress that will be reported.
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