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Let Ω ⊂ Rd (d ≥ 2) be a bounded domain with bound-
ary Γ := ∂Ω of class C2. For T > 0, we define the sets
Q := Ω × (0, T ), Σ := Γ × (0, T ) and for any subset ω ⊂ Ω,
we write Qω := ω × (0, T ).

For a, b > 0 and α ∈ R, we define the linear operators

L(u) :=∂tu− a(1 + αi)∆u

LΓ(u, uΓ) :=∂tuΓ + a(1 + αi)∂νu− b(1 + αi)∆ΓuΓ

Moreover, for c, γ ∈ R we put f(w) := c(1 + γi)|w|2wΓ.
Then, we consider the following system

L(u) + f(u) = 1ωh in Q,

LΓ(u, uΓ) + f(uΓ) = 0 on Σ,

u
∣∣
Γ
= uΓ on Σ,

(u(·, 0), uΓ(·, 0)) = (u0, uΓ,0) in Ω× Γ.

(1)

The control h acts only on the first equation. This means that
the second equation (i.e., the general dynamic boundary condi-
tion) is controlled by the side condition u

∣∣
Γ
= uΓ.

Let us define the spaces

L2 :=L2(Ω)× L2(Γ),

Hk :={(y, yΓ) ∈ Hk(Ω)×Hk(Γ) : y
∣∣
Γ
= yΓ}

It is not difficult to see that, under a smallness condition on

both the initial data and the control, a unique solution of (1)
exists.

Our main result is the following

THEOREM 1 Suppose that d = 2 or d = 3 and ω ⋐ Ω. Then,
the system (1) is locally null controllable at every time T in
H1, i.e., there exists δ > 0 such that, for every (u0, uΓ,0) ∈ H1

verifying

∥(u0, uΓ,0)∥H1 ≤ δ,

there exists a control h ∈ L2(ω× (0, T )) such that the solution
(u, uΓ) of (1) satisfies

u(·, T ) = 0 in Ω, uΓ(·, T ) = 0 on Γ.
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