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Ø Theoretically→ conservation of both charge and energy
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Ø Theoretically→ conservation of both charge and energy

Ø Numerically→ instabilities are observed (RK methods, boundary conditions, numerical steps, etc.)

Phys. Rev. E 86, 046602 (2012) J. Phys. A: Math. Theor. 54, 405702 (2021) 
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GN model 𝜅 = 𝑚 = 1
𝑢!" = (𝜓 + 𝜒)/ 2, 𝑣!" = (𝜓 − 𝜒)/ 2

ABS model 𝜅 = 0,𝑚 = −1
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GN model 𝜅 = 𝑚 = 1
𝑢!" = (𝜓 + 𝜒)/ 2, 𝑣!" = (𝜓 − 𝜒)/ 2

Characteristic
coordinates

𝜉 = 89:
;

,  𝜂 = 8<:
;

Ø Spatial discretization (𝛥𝑥 = ℎ): 𝑥= = −𝐿 + 𝑘 − 1 ℎ for 𝑘 = 1, 2,… ,𝐾, 𝑥= ∈ −𝐿, 𝐿 ,𝐾 = ;>
?
+ 1

Ø Temporal discretization (𝛥𝑡 = ℎ): 𝑡@ = (𝑛 − 1)ℎ for 𝑛 = 1, 2,… ,𝑁, 𝑡@ ∈ 0, 𝑡A , 𝑁 = 8!
?
+ 1

Ø Characteristic coordinates discretization:  𝑥= , 𝑡@ → 𝜉=@ =
8"9:#
;

, 𝜂=@ =
8"<:#
;

ABS model 𝜅 = 0,𝑚 = −1
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NUMERICAL ALGORITHM: PREDICTOR-CORRECTOR

Phys. Lett. A 382, 300 (2018)
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COLLECTIVE COORDINATE THEORY

Slight modification of the
exact solution for V(x)=0
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COLLECTIVE COORDINATE THEORY

Ø By inserting ansatz in 𝑇)) and by operating:  particle
potential

2nd Newton’s law
for center of mass
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COLLECTIVE COORDINATE THEORY

Ø By inserting ansatz in 𝑇)) and by operating:  particle
potential

2nd Newton’s law
for center of mass

LINEAR POTENTIAL

𝑼 independent of 𝒒̇!

One CC
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COLLECTIVE COORDINATE THEORY

Ø By inserting ansatz in 𝑇)) and by operating:  particle
potential

2nd Newton’s law
for center of mass

Non-relativistic limit (𝑞̇ ≪ 1, 𝛾 ≈ 1) → simple pendulum eq.

HARMONIC POTENTIAL Two CCs

LINEAR POTENTIAL

𝑼 independent of 𝒒̇!

One CC
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GN MODEL:  LINEAR POTENTIAL  𝑉(𝑥) = −𝑉!𝑥
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GN MODEL:  LINEAR POTENTIAL  𝑉(𝑥) = −𝑉!𝑥

ℎ = 10!"
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GN MODEL:  LINEAR POTENTIAL  𝑉(𝑥) = −𝑉!𝑥

Phys. Rev. E 86, 046602 (2012)

𝑉B = 109;, 𝐿 = 100
𝜔 = 0.3 and

𝑞 0 = 𝑞̇ 0 = 𝑝 0 = 0
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GN MODEL:  HARMONIC POTENTIAL  𝑉 𝑥 = !
"
𝑉"𝑥"

𝑉! = 10"#, 𝐿 = 30, 𝑞 0 = 0, 𝑞̇ 0 = 0.1,𝜔 = 0.3, 𝑝 0 = 𝑝(𝜔)

𝒕 = 𝟖𝟎𝟎 𝒕 = 𝟓𝟎𝟎

Phys. Rev. E 86, 046602 (2012)



David Mellado-Alcedo STABILITY OF NONLINEAR DIRAC SOLITONS UNDER THE 
ACTION OF EXTERNAL POTENTIALS 18 / 23

GN MODEL:  HARMONIC POTENTIAL  𝑉(𝑥) = !
"
𝑉"𝑥"
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ABS MODEL:  HARMONIC POTENTIAL  𝑉(𝑥) = !
"
𝑉"𝑥"

J. Phys. A: Math. Theor. 54, 405702 (2021)

𝑉! = 10"#, 𝜔 = 0.74, 𝑞 0 = 0, 𝑞̇ 0 = 0.1
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ABS MODEL:  HARMONIC POTENTIAL  𝑉(𝑥) = !
"
𝑉"𝑥"

INSTABILITIES PERSIST WHEN
ABSORBING BOUNDARY 

CONDITIONS ARE APPLIED!!
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ABS MODEL:  HARMONIC POTENTIAL  𝑉(𝑥) = !
"
𝑉"𝑥"

𝑎 𝑉1= 0
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ABS MODEL:  HARMONIC POTENTIAL  𝑉(𝑥) = !
"
𝑉"𝑥"

(𝑏) 𝑉1= 1023



CONCLUSIONS AND OUTLOOK

vNew numerical algorithm for NLDE ->  convergence for ℎ ≤ 10!"

v Solitary wave solution may be approximated by an Ansatz with only two
Collective Coordinates: q(t) and p(t)

v The instabilities appeared for low frequencies in the GN model are removed 
by appling absorbing boundary conditions, but q(t) is modified

v The instabilities at low frequencies persist even when absorbing boundary
conditions are added to the ABS model with and without potential

v Future works-> Numerical algorithm extended to temporal potentials
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