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Is the biological process of the movement of living organisms in response to a chemical
stimulus

e Initiation of slime mold aggregation viewed as an instability
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Keller-Segel system

ur — Au = £xdiv(uVv) in Qx (0, T), > U : Density of cells.

ve—Av=u—v inQx(0,T), » v : Chemical concentration.
u(0) =uo v(0) =vo inQ, » Chemotaxis term: +xdiv(uVv)
Onu=08,v =0, on9Q x (0, T), » chemo-attraction (—)

> : .
u>0, v>0. chemo-repulsion (+).



[ Chemo-attraction vs chemo-repulsion ]

Chemo-attraction

» If N =1, all solutions are global and
uniformly bounded.

> If N =2, for [, no < 47 the solution will Chemo-repulsion
be global and uniformly bounded, whereas > If N = 1,2 it holds the existence
for fQ ng > 47’7, the blows up can occur. and uniqueness of classical

global-in-time solutions.
(Morales-Rodrigo et al. 2008).

> If N = 3, it holds the existence
of global weak solutions.

d > If N = 3, it is unclear whether
o )£ D(m) =0 regular bounded solutions exist

g(n,c):X/ IVC|2+>—(/ czf/nc-k/nlnn, globally in time.

D(n, c)_/\Vc—c+n|2+/‘f—fVc

> If N > 3, existence of global solutions for
small initial data, and blow-up for arbitrary

Ja no-
» Energy identity:




Chemorepulsion-nonlinear production and control

. Yo [T 5p/2 [T v [T 52
Min S, v, 1= o [l — w202+ 5 [ vl o [

Reaction
—— » f € F being F a closet and convex
ue — Au = xdiv(uVv) + ru — pu® | subset of L5/2(L5/2+) and [u’ v]
vi—Av= "’ —v+fvlg, strong solution of (P).
~~ ——
(P) .Product/'on Control > Yu > 07 Yv 2 0, either YF > 0 or
u(0) = w in Q, ~v¢ = 0 and F is bounded in
v(0) = vy inQ, L5/2(15/24(Q.)).
Onu = 08yv =0, ondQx(0,T), > 2D-case (Guillén-Gonzilez,
u>0,v=>0. Mallea-Zepeda, V-R (2020), p € (1,2]

1. Existence of weak solutions (with or without logistic term) with
f e L52((0, T); L5/2(Qc)).
2. Regularity of weak solutions.
3. Existence of optimal control and characterization.
Notation:  LP(L9) := LP((0, T); L9(Q2)),
* LP(Q) means LP(LP),
% LPT means LPT9,



1. Existence of solutions (formal computations)

uy — Au = xdiv(uVv),
—Av =uP — v+ fvlig,,

e Multiplying u-eq by p%lupfl and v-eq by by —%Av, adding the corresponding
results in order to cancel the chemotaxis and production effects, we get

d 1 1 1
af_*  y,p/2 2 /2vi2 L L 2, 1 2 5/2
o (g 1721+ g5 IV IR )+ S5 IV P )R + AP+ < AR,

e Integrating v-eq in €, then multiplying the resulting equation by %fQ v we obtain

1 d 21 2 1 2
——(/ ) +—(/ ) f(/ ) T IR VIR,
2p dt \Ja 2p \Ja p \Ja

H 17 + CIFIRIvIE

IN

IN

2 . 2
Huui,lz||wu2+(/gu) Ve HA(Q), Huui,zzuAu||2+(/Qu) Vue HAQ),



Energy inequality

To bound the term ||u||Lp, from the 3D-Gagliardo-Nirenberg inequality, we have

lul75 = P21 < € (19 (uP/2) 120D/ GoDy /2 B/ GP=0 /2yt )

At this point, we distinguish three cases:

> If , then 12(p — 1)/(3p — 1) < 2; thus, from the Young inequality,
and noting that ||u(t,-)||;1 = |Juo||;1, we get

1.0 8/(5—3
Sl < HVu"/2||2+CH w2207 4 w2,

8/(5—3p) 4
= 7\\vup/2||2+c(/ uo> +c(/ uo) )
P Q Q

Consequently, we conclude the energy inequality

d 1 1 C 2
& G+ o)+ S IviEe + 19w/

5/2
(1) < C(IFI5% + 1F12s2) VI3 + C.



Energy inequality

» For p —5/3,

5/3 10/3
C <||Vu5/6||2 (/ UO) + (/ Uo) ) <cC (IIVWGII2 + 1) :
Q Q

Then, we also can obtain the energy inequality (1).

1, 3 3
Sl = e < 2 (VO s 4 Clle® Ol s

IN

» The condition p < 5/3 to get (1) means that we can control the energy only with
the random diffusion.



The case p > 3

» Energy is controlled by the logistic growth
— Au — xdiv(uVv) = ru — pu® inQ x (0, 7),
—Av=uf —v+fvlg, inQ x (0, T),
(P) u(0) =uwp v(0)=v inQ,
Ohu = 9hv =0, ondQ x (0, T),
u>0,v>0.
2p 2 2112(2p—1) 2112 2p—1
I8 = w21 < Cllur/2IPEe /2 P2 208, = C(lluo i, ) 257

Consequently,

d 1 1 4
a p/2|12 2 V(P22 + Cliv2 Cllul?P—1
g <p(p71)H” I +*2 IIVHH1> +*p2\| (WP + Clivilge + Cllull 35—

5/2
< rllullfs + € (IFIEL%, + 11252 ) VI, + €



Weak solutions

us — Au — xdiv(uVv) = ru — pu® in Q2 x (0, T),
ve —Av =uP — v+ fvlg, inQx (0, T),
(P) u(0)=w v(0)=vo inQ,
O =08v =0, ondQ x (0,T),
u>0, v>0.

Definition. Let f € L%2(Qc) := L5/2(L5/2(Q)), (uo, vo) € LP(Q) x HL(), with
up >0 and vp > 0 a.e. in Q. A pair (u, v) is called weak solution, if u >0 and v >0
a.e. in Q,

(2) ue L®(LPYNLP3(Q), v e L®(HY) N LA(H2),
5p/(34+ p) when 1 < p <2,

(3) Vue L'P(Q);, ~y(p) =14 25p/(18+5p) when2 < p < 12/5,
2 when p > 12/5,

satisfying the variational formulation of the u-equation

(@) /0T<afu,a> +,/0T/9Vuw+/oT/Q“VV Ve /OT./Q(’“ e

for all @ € L%/2(Q) with V@ € L19(Q), the and the
initial conditions. Moreover, u € L?P~1(Q) for the logistic problem.



Existence of weak solutions

Theorem.

> If 1 < p < 5/3, then there exists a weak solution of system
in the no logistic case.

> If 1 < p < 0o, then there exists a weak solution of system
in the logistic case.




Existence of weak solutions

Proof is obtained as a limit of a family of regularized problems: Given £ > 0, find
[ue, we] such that:

Orue — Aug V - (ueVve)+rue — puf, in Qx(0,T),
(5) Orwe — Awe +we = P+ fu. 195,. in Q2 x(0,T),
[0:(0),we(0)] = [woerwoc] in®,
Onus(x,t) = Ohwe(x,t) =0, ondQ x(0,T),

where v (-, t) for any t € [0, T] is the unique solution of the elliptic problem

Ve —eAve = we in Q,
Onve(x,t) =0 on 9.

In (5), (uo,s, wo,c) are initial data satisfying

up,e € L (), wp,e >0, With/ uo, e :/ ug,
Q Q

ug,e — ug in LP(Q), as e — 0,

Vo,e € W,12+6/5’5/2(Q), vo,e — o in HY(Q), as e — 0,

wo,e = Vo,e —€Avge € W6/5’5/2(Q).



Regularity criterion and existence of strong solutions

Theorem. Let (u, v) be a weak solution. Assume [ug, vo] € L"(P)(Q2) x W6/5:5/2(Q),
H(p) = max{3,3(p — 1)}.

If £ e L52(L%?1(Q.)) and P € L%/%(Q),

then
u,Vv € LS(Q) forp<2 and u,Vve Ls(p_l)(Q) for p > 2.

The strong solution is unique.

weak: | f € L%(Q), P € L/%(Q). [un, w] € LP x H' |

Vs

Regularity criterion: ’ Fe L32(13/%), uP e 15/2(Q), [uo, vo] € L"P) x Wo/55/2 ‘




Existence of ptimal solution
e Setting:
> X = {u: ue l®LPynsP)(Q), Vu € L2(Q), dru € L2((HY))},
s(p) = max{5,5(p — 1)}.
>

w:={u € X : uis a variational solution of a heat problem

O —Au=g"—V-gl, u(0)=w, (—Vu+g!) nlsgg =0 with

wo € L'P)(Q), g° € 157 (P)/Cr(P)+3)(Q) and g! € L5(P)/((p

> X, = {ue C([0, T]; W&/55/2) 0 [5/2(W?25/2) . ,u € 152(Q)}.
e Admissible set:

Sad = {[u, v, f] € Xy x Xy X F : [u, V] is the strong solution with control f}.

The optimal control problem is given by:

{ min J([u, v, f]),

subject to [u, v, f] € S,4,

T T
il 5p/2 i 5/2
Ju, v, f] = 5p;2 /; Jlu— ud||L'5),,//2(Q) + ?V/O v — vd||i2(m + 5/2 / I H,_g{/H

Theorem. Assume that S,y # 0. Then, there exists at least one global optimal
solution.

Q)




Control-state mapping

Let (u*,v*, f*) € Xy x Xy x L5/2(L5/27(Q.)) such that S(u*,v*, f*) =0
o The equality operator S € C!, and

OS(u*,v*, f*)

— o _ (00— AU—V - (UVv*) = V- (u*VV) = rU + pp(u*)P~1T
o) O V"( )

0V — AV +V — p(u*)P~1U — f* Vg,

AS(u™*,v* f*)

> 9(u,v)

> T.F.l. gives the existence of a C! control-to-state map & : B+ — By ) such
that S(E(f), f) = (0,0), for each f € Br«. Then, E(f) = (ur, vf) is the strong
solution.

> If (U, V) = DE(F)[F], for some f € B«, then (U, V) is the unique solution of
the “linearized” problem.

is an isomorphism from X, x X, onto Y, X Y,.

Here Y, := L%/2(Q), and Y, = Z’ with

Z={pc 157(P)/(3r( (Q) Vo € (L5r(p)/(4r(p)f3)(Q))3},



Adjoint system

Proposition. There exists a unique solution [o,7] € Y/ x L%/3(Q) of the adjoint
problem:

—0r0 —Ao + Vo - Vv* — p(u*)P~In — ro + pu(u*)P~1o = v, h(u* — ug),
—0m— An—V - (u*Vo)+n—fnlg =y (v* —vg),

o(T)=0, n(T)=0 in Q,

9o =0, dm=0 on AN x (0, T). Here: h(w) = |w|CP—9/2(w)




» Reduced cost functional Jy : Be= — R by Jo(f) := J([ur, v¢, f]), for any f near of
f* and [uf, v¢] near of [u*, v¥]

» From the chain rule

OJ([u*, v*, f*]) OJ([u*, v*, f*])

BN = SRR D)+ T
_oJ([ur, v, ) oJ([u*, v*, f*])
- W““ V) + S

// ufud)UJr’Yv//V*Vd

f* f* (3/2) +f
+’Yf/ / sen(IF [P F f
Q. |If* || L5/2+(q,)

P Testing the adjoint by U and V, integrating by parts we get

T T T
w [ [ [ [ V= [ v,
o Ja o Ja 0 .

» Therefore, replacing

f* £* 3/2)+f*
J(FF] = // ( %-ﬁ-v*n f>0, VfelF.

L6/2+(Q.)



In particular, identifying (L3/2(L5/2+)) = [5/3(L(5/3)), we have the identification

sen(r*)|F|3/2)*

0+
H x| L6/2+(Q,)

Jo(F*) = ¢ + v

o Steep-descent gradient: ‘ FAL =k agh(FX). ‘
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